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BLOCK INTRODUCTION

Unit-1

Unit-2

Conic Section : Homogeneous equation of second degree and
conditions on it to represent different types of conics. Polar
coordinates. Polar equation of a line, parabola, ellipse and
hyperbola when focus is taken as pole. Polar equations of the
chord joining two points.

Curve Tracing : Tangent, normal polar (chord of contact), pair
of tangent lines, asymptotes, Tracing of a conic.
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UNIT-1 CONIC SECTIONS

Structure

1.1  Introduction

1.2  Objectives

1.3 Equation of a pair of lines

1.4  General equation of second degree

1.5 Homogenous equation of Pair of straight lines

1.6 Angle between the lines ax? + by? + 2hxy = 0

1.7  Condition for the lines to be perpendicular/parallel

1.8 Equfation of any two perpendicular lines though the
origin

1.9 Equation of Bisectors

1.10 General equation of second degree

1.11 Polar Coordinates

1.12 Polar equation of a conic when the focus is the pole

1.13 Directrices

1.14 Equation of the chord when the vectorial angles of the
extremities are given

1.1 INTRODUCTION

In this unit, our aim is to re-acquaint with some essential elements
of two dimensional geometry.The French philosopher mathematician
Rene Descartes (1596--1650) was the first to realize that geometrical
ideas can be translated into algebraic relations. The combination of
Algebra and Plane Geometry came to be known as Coordinate Geometry
or Analytical Geometry. A basic necessity for the study of Coordinate
Geometry is thus, the introduction of a coordinate system and to define
coordinates in the concerned space. We will briefly touch upon the
distance formula and various ways of representing a straight line
algebraically. Then we shall look at the polar representation of a point in
the plane. Next, we will talk about symmetry with respect to origin or a
coordinate axis. Finally, we shall consider some ways in which a
coordinate system can be transformed.This collection of topics may seem
random to us .
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We have read about lines, angles and rectilinear figures

in geometry.

Recall that a line isthe join of two points ina plane continuing e

ndlesslyin both directions.We have also seen that graphs of
linear equations,

Which came out to be straight lines. Interestingly, the

reverse problem Of the above is finding the equations of

straight

lines, under differentconditions in a plane. The

Analytical Geometry, more commonly called Coordinate geomatry,
comes toour help in this regard.

In this unit we shall find equations of a straight line in

different forms And try to solve the problem based on these.

1.2

OBJECTIVES

After studying this unit you should be able to find:

1.

a ~ w N

© o N o

10.
11.

12.
13.
14.

15.

Equation of a pair of lines passing through the origin
Angle between pair of lines

Bisectors of the angles between two lines.

Pair of bisectors of angles between the pair of lines.

Equation of pair of lines passing through given point and
parallel/perpendicular to the given pair of lines.

Condition for perpendicular and coincident lines

Area of the triangle formed by given pair of lines and a line.
Pair of lines of second degree general equation

Conditions for parallel lines distance between them.

Point of intersection of the pair of lines.

Homogeneous equation of second degree equation w.rt a
1Stdegree equation in x and y.

Relate the polar coordinates and cartesian coordinates of a point.
Equation of bisectors

Obtain the polar form of an equation and the equation of
Directrices

Equation of the chord when the vectorial angles of the extremities
are given



1.3 EQUATION OF A PAIR OF STRAIGHT
LINES

Definition: Let L1= 0, Lo= Obe the equations of two straight lines.
If P(x1,y1) iIs a point on L4 then it satisfies the equation L1=0.
Similarly, if P(xq1,y1) is a point on L2 = 0 ,then it satisfies the
equation. If P(xq1,yq) lies on Lqor Ly, then P(xq,yq) satisfies the
equation L1Lp = 0.

- L L, =O0represents the pair of straight lines L1 =0 and Ly =0
and the joint equation of

L1=0and Lo=0is given by L1.Lo =0.-----(1)

On expanding equation (1) we get and equation of the form

ax? + 2hxy + by? + 2gx + 2fy + ¢ =0 which is a second degree (non-
homogeneous) equation in x and y.

1.4 GENERAL EQUATION OF SECOND
DEGREE

General equation of second degree is ax?+by2+2hxy+2gx+2fy+c =
0, if this equation represents a pair of straight lines, suppose that general
equation of straight lines be, lixx+myy+n; =0 and I,x+myy+n, = 0 then
product of these two lines

(Iix + myy + np)(l2x + may + ny) = 0 = ax? + by? + 2hxy + 2gx + 2fy + c.
Compairing the coefficients, we get

lilb,=a, mim,=Db, niny, = ¢, limy + [lbmy = 2h , miny + mong= 2f, nqlo + nyly =
29.

or, a(bc - f2) - h(hc-gf) + g(hf-bg)=0

a h g
h b fl=0
g f c

That is if abc + 2fgh - af2- bg2- ch? = Othen
Case(1). ab — h? = 0, it represents a pair of straight lines.
Case(2.) ab — h? # 0, it represents a pair of intersecting straight lines.

Case(3).ab — h? < 0, it represents a pair of real or imaginary straight
lines.

Case(2.) ab — h? > 0, it represents a point.

UGMM-102/9
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Note: Here a, b, c, stand for coefficients of x2, y? and constant term
respectively and f, g, h stand for half of the coefficients of y, x and xy.

Again, If abc + 2fgh - af2- bg?- ch? # Othen
Case (1). h = 0,a = b, then it represent a circle.
Case (2). ab — h? = 0, it represents a parabola.
Case (3). ab — h? > 0, it represents an ellipse.
Case (4). ab — h? < 0, it represents a hyperbola.

Case (5). ab—h?<0anda+b =0, it represents a rectangular
hyperbola.

Note (1). If abc + 2fgh - af?- bg?- ch? # Qin the above equationthen it
represents the non- degenerate conic.

(2). If abc + 2fgh - af?- bg?- ch2 = Qin the above equationthen it represents
the degenerate conic.

Example 1: What conic does 13x*—18hxy+37y?+2x+14y-2=0
represent?

Solution: Compare the given equation with
ax2+ 2hxy by2+ 20gx + 2fy+c =0,
wegetthata = 13,h= -9,b= 37,g=1,f= 7,c = —2.

abc + 2fgh — af?*— bg* — ch?
= 13X37X—-2 4+ 2X7%Xx1%x-9-13x 7x7—37
X1X1+2X-9%x-9

= —962 — 126 — 637 — 37+ 162 = —1600 %0
also, h?=(—9)%2 =81 and ab = 13 x 37 = 481.
Here, ab — h? = 400 > 0. So, it represents an ellipse.

Example 2: What conic is represented by the equation vax +/by = 1?

Solution: The given conic is vax +/by = 1. Squaring on both sides then
ax + by + 2\/axby = 1,0r,ax + by — 1= —2,/axby

Now squaring on both sides, we get (ax + by — 1)? = 4axby
=a’x? —2abxy +b?y? —2ax - 2by +1=0

Therefore, abc + 2fgh — af? — bg? — ch?

= a’b? - 2a®’b?-a?b? - a’b? - a’b? = - 4a’b? # 0,and h?® = a’b?.

So, we have abc + 2fgh — af?— bg*— ch?* # 0



and h? - a®b? = 0. Hence, the given equation represents a parabola.

Example 3: If the equation x? —y% —2x+ 2y + 1 = 0 represents a
degenerate conic then find the value of A.

Solution: For degenerate conic,
abc + 2fgh — af?— bg?— ch?> =0

Comparing the given equation of conic with ax® + by* + 2hxy + 2gx +
2fy +c = 0, we get,

abc + 2fgh — af?— bg?*— ch* =1x-1xA+1x(-1)?-0=
0 >-4-1+1=0S0,14=0

Example 4: For what value of A the equation of conic 2xy + 4x - 6y +
A =0 represents two intersecting straight lines? if A =17 then this
equation represent ?

Solution: Comparing the given equation of conic with ax®+ by* +
2hxy + 2gx + 2fy +c = 0, since we know that for two intersecting
lines, abc + 2fgh — af? — bg? — ch®* =0and ab — h? # 0

Therefore, abc + 2fgh — af? — bg? — ch?
=0+2Xx-3%x2%x1-0—-0— A(1)%?= -12—-1=0.

So, 1= —12.

For A = 17, the given equation of conic 2xy + 4x- 6y +17 =0
According to the above condition, here ¢ = 17,

so abc + 2fgh — af?— bg? — ch*= =29 #0
andab—h?=0—-1= —-1<0.

Hence the given equation represents a Hyperbola.

1.5 HOMOGENOUS EQUATION OF PAIR OF
STRAIGHT LINES

ax2 + by? + 2hxy = 0 is a homogenous equation of second degree and it
will represent a pair of straight lines or two straight lines passing through
the origin.suppose these lines be y = mixand y = myX.

Therefore (y - myx).(y - mox) = 0 represent a pair of straight lines

e Y2 -(Mp+my) Xy + mimoX2 =0...ccooiiiiiiiiiieinn, @)
Also, ax2+by2+2hxy=0o0r, V2 +% X2 + %xy =0 .....(2)
We compare the coefficients of equation (1) and (2) we get

_—2h _a
My +mg =—-, and mlmz—;...............(3) UGMM-102/11



1.6 ANGLE BETWEEN THE LINES ax? + by? +
2hxy =0

Suppose that the two lines represented by ax? + by? + 2hxy = 0 be
y=mzX and y= myx.

Suppose that angle between the lines y= m;x and y= myx be a,
Sinceax? + by? + 2hxy = 0 = (y - m1x).(y - mzXx)

e Y2 -(Mp+my) Xy + mimoX2 =0....cooiiiiiiiiiiininen, @)
Also, ax2+by2+2hxy=0o0r, V2 +% X2 + %xy =0 .....(2)

We compare the coefficients of equation (1) and (2) we get

m1+m2:_72h, and mym; :% ............... (3)
then
tang = mm2 _ V((m14m2)®—4m1m2) _ VE2-(32)
e = imz 1+m1m2 ~ 1+(bja)

Vvh2—
Therefore, tano = 2 M.
a+b

_ -1,2V(h?-ab)

Then, o= tan (—aer ) IV 4

The homogenous equation of second degree ax? + by? + 2hxy = 0
represent a pair of straight lines or two straight lines passing through the
origin. The lines are real and distinct, coincident or imaginary according
as (h? —ab) >0,=0o0r <O0.

1.7 CONDITION FOR THE LINES TO BE
PERPENDICULAR/ PARALLEL

Case (1): If the lines be perpendicular,then 0=90 Therefore,

2vV(h2-ab)

, i.e. ath=0
a+b

tana = tan90 = oo =

i.e. [coefficient of x2 + coefficient of y?=0]

Case (2): If the lines be parallel ,then 0=0. Therefore,

2V(h?-ab)

——, then V(h?-ab)=0

tana =tan0 =0 =

UGMM-102/12



then h2 = ab i.e. (“ coefficient of xy)?

= product of coefficient of x2 and coefficient of y2.

1.8 EQUATION OF ANY TWO PERPENDICULAR
LINES THOUGH THE ORIGIN

If the lines represented by ax2 + 2hxy + by? = 0 be perpendicular,

then a + b =0 or b = -a. Hence the equation becomes ax2+2hxy-ay? = 0.
i.e. X2-y2+ 2hxy/a=0or x2-y2+ pxy = 0. Where p is any constant.
Example 5: What curve does the equation x2 - 5xy + 4y2 = 0 represent?
Solution: Since, x2-5xy+4y?=0

Or, x2-xy-4xy +4y2= x(x-y)-4y(x-y)=0

Or,(x-4y)(x-y)=0 Or,x-4y=0o0r,x-y=0

Which are straight lines, hence x2 - 5xy + 4y?= 0 represents a pair of
straight lines.

Example 6: Find the angle between the pair of straight lines x? + 4y2 - 7xy
=0.
Solution: Suppose o be the angle between the pair of straight lines then

tana = (2V(h2-ab))/((a+b))= 2V (3D )

1+4

_ 2J(49-16/4) _ V33
B 5 T s

Therefore, o = tan’l(E)
5

Example 7: Find the equation of the pair of straight lines through the
orign which are perpendicular to the lines represented by

ax2+ 2hxy + by2 =0
Solution : If the lines represented by ax2 + 2hxy + by2 = 0 are
y - mix =0 and y- myx = 0 then my+m; = _TZh, mim; :bi

the lines perpendicular to them and passing through origin will be
_ _ -1
y = (-1)/(m;x )and y e

Their combined equation is (myy + X) (myy + x) =0

Or, mymyy2+ (my+my) Xy +x2=0

UGMM-102/13
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Or, ( %)y2 + (%h )Xy + X2 =bx? - 2hxy + ay?=0

Example 8 : Find the equation of the pair of the straight lines through the
origin which are perpendicular to the lines represented by

2x2-5xXy +y?2=0

Solution : since equation of pair of straight lines be 2x2 - 5xy + y2= 0

Suppose that equation of pair of straight lines be y - m;x =0
Andy - myx =0

then their combined equation represented by equation (1) now its
perpendicular

equations be y = r_n—lx and y = (-1/my )X, therefore, combined equation is
1

(Mmay + X)(m2y +x) =0

Therefore, mimyy2 + (M1 + my) Xy + x2=2y2 +5xy + x2=0

Equation of perpendicular lines be 2y2+5xy + x2=0

Example 9: Prove that the product of the perpendiculars drawn from the
point ( X1, y1) on the lines represented by

ax2 + 2hxy + by2 = 0 is (ax42 + 2hxyy1 + by:2)/[(a - b)2 + 4b2]*2,

Proof: suppose that ax2 + 2hxy + by2 = (y - myXx)(y - myXx)

i.e. my+ m,=-2h/b and mim,=a/b

If p1 and p, be the perpendiculars to them from the point

Y1—m1x1x Yy1—MmMyXq
\/1+m12 \/1+m22

(X1, y1) then pip2 =

_yii+ mymyx,®— (my+ my)x1yy
Therefore, pip, = T Ty s——v

2_ _ﬂ) a_ 2
Y1 x13/1( b ) Tp¥1

_{ 1+(m1+m2)2—2(m1m2)+ m12m22}1/2

= (axq2 + 2hxyy1 + by2)/b{1 + 4h2/b2 - 2(a/b) + (a/b)2}”



= (ax2 + 2hxeys + by12)/{(a - b)? + 4h2}*
Example 10: Prove that angle between the straight lines represented by
(x2 + y?)sin®a = (xcos0 - ysin0)? is 2a.
Proof: The given equation can be written as
x?(sin?a - cos?0) + 2xysinBcosO + y*(sin’a - sin®0) = 0
This equation of the form ax? + 2hxy + by? = 0 and hence if ¢ be angle
between them, then tang = 2+ (h? - ab)/(a + b). Therefore,
2V(h? - ab) = 2[sin?0cos?0 - (sin?a - cos?0)(sin%a - sin?0)]” = sin2a
Since, a + b = sin0 - cos20 + sin?a - sin?0 = 2sina -1 = -cos2a
Therefore, tang = sin20/-cos2a = -tan2a,
¢ =-20 or ¢=20.
Example 11: Find the condition that one of the lines given by the equation
ax? + 2hxy + by? = 0 common to lines given by
ax2+ 2hxy+by2=0
Proof: suppose that y = mx be a common line to both the pair then

putting y = mx in the two equations, we get

ax2 + 2hmx2 + bm2x2 = 0 or, bm2 + 2hm+a=0 ........... (1)
ax2+2hmx2+bm2x2=0or,bm?+2hm+a=0.......... (2)
m? 2m 1

(a’h-a h’)_ abr—arb  bh/—brh

_2(arh —ahr)
~ abr—arb

abs—arb 2(ath—ahr) _ abr—arb

m "~ 2(bh/—brh)’ So, ab/—arb  2(bhs/—brh)

Therefore, (ab - ab) (ab - ab) = 4(ah - ah) (bh- bh)
Example 12: Find the condition that one of the lines given by the equation

ax2 + 2hxy + by? = 0 be perpendicular to one of those lines given by axz +
2hxy +by2=0

Proof: Suppose that one of the line given by the first pair be
y = mx, by given condition one of the line given by the second pair should
bey= _;lx.

Therefore, bm2 + 2hm +a=0and am? 2hm+b =0

m? m 1

2(hbr+hs/b)  aar—bbr 2(har+hra)

UGMM-102/15
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_ 2(hbl+hlb)and m = aa’— bbr
" aar—bbr "7 2(har+hra)’

2(hbr+hsb)_  aar—bbr

So, aar—bbs  2(har+hra)

Therefore, (aa- bb)2 = 4(hb + hb) (ha+ ha)

Example 13(a): Find the angle between the lines given by the equation
Ay*+ (1 -M)xy-ax*2=0

Solution: Since, a+b =X+ (-1) =0 hence, 6 =90

(b): Find the angle between the pair of straight lines y?sin?0 - Xysin?0 +
x%(cos?0-1) =0

Solution: Since, a + b = sin?0 + cos?0 -1 = 1 -1=0. Therefore, 6 = 90
(lines are perpendicular)

Note: If the represented by ax? + 2hxy + by? = 0 be perpendicular, then a +
b =0 or, b = -a, hence the equation becomes ax? +2hxy - ay? = 0 or x2

+E)xy -y2=0

Or, X2 + pxy - y2 =0, where p is any constant.

1.9 EQUATION OF BISECTORS

Equation of pair of straight lines which passes through origin is ax? + by?
+ 2hxy = 0, if the lines represented by the given equation be y = mix and y
= MoX

—2h a A . . y —mlx
+my =— == Vitmi

then my+m, =——, mim; = — equation of their bisectors are Z——

y -m2x

V1+m2?

( y—mlx | y-m2x )( y —milx y-m2x )
Ja+m1?)  J(1+m23) /N /(1+m1?) V(1+m22)

(y —-mix)?> (y-m2x)?
(1+mi12) (1+ m232)

Or,

= 0. By sloving this we get

-y2(My+my)+x3( my+m,) - 2xy(1-mim;) =0

Or ( x2-y?)(-2h/b) = 2xy(1-a/b)



Or, (x*-y?)/(a-b) =xy/h

Note : Since sum of the coefficients of x2 and y?2 in the above equation is
zero.

i.e. a+b=0,hence the bisectors are perpendicular.

1.10 GENERAL EQUATION OF SECOND
DEGREE

General equation of second degree is ax?+by2+2hxy+2gx+2fy+c = O, if
this equation represents a pair of straight lines, suppose that general
equation of straight lines be, lixx+myy+n; =0 and I,x+myy+n, = 0 then
product of these two lines

(Iix + myy + np)(lox + may + ny) = 0 = ax? + by? + 2hxy + 2gx + 2fy + c.
Compairing the coefficients, we get

lilb,=a, mim,=Db, niny, = ¢, limy + [l my = 2h , miny + mong= 2f, nqlo + nyly =
29.

or, a(bc - f2) - h( hc - gf) + g(hf-bg) =0

a h g
h b fl=0
g [ c

that is abc + 2fgh - af?- bg?- ch? = 0 this the required condition that ax? +
by? + 2hxy + 2gx + 2fy + ¢ = 0 represent a pair of general linear equations.

Note: Here a, b, c, stand for coefficients of x2, y2 and constant term
respectively and f, g, h stand for half of the coefficients of y, x and xy.

Examplel4: Determine the equation of bisectors of the angle between the
lines

4x2-16xy-7y2=0

Solution: Since equation of angular bisector is (x? - y?)/a - b = xy/h
Therefore, ( X2 - y?)/4 - (-7) = xy/-8

Or, 8(x2-y?) + 11xy =0

Examplel5: If (a + b)? = 4h?, prove that one of the lines given by the
equation

ax2 + 2hxy + by2 = 0 will bisect the angle between the coordinate axes.

Proof: The bisectors of the angle between the co-ordinate axes will make
an angle 45 degree or 135 degree with the positive direction of x-axis and
hence their equation are y = £Xx.

If y = x belongs to ax2+2hxy+by? = 0.Then ax? + 2hx? + bx2=0

UGMM-102/17
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=> a+b=-2h. Similarly, if y=-x belongs to ax>+2hxy+by? = 0,

then ax? - 2hx? + bx2 =0 => a+tb = 2h

Therefore, a + b = £2h. Squaring of these we get (a + b)2 = 4h2,
Examplel6: Show that the line y = mx bisects the angle between the lines
ax2 + 2hxy + by2 =0 if h(1 - m?)=-m(a- b).

Proof: Since bisectors of the given pair of the lines is (x? - y?)/(a - b) =
xy/-h,

if y = mx be one of the bisector then it satisfy the above relation so,

(X2 - m2x?)/(a -b) = x.mx/-h => (1 - m?)/(a - b) = m/-h

= h(l-m?)+m-b)=0

Example 17: Prove that the straight lines ax? + 2hxy + by? = 0 have the

same pair of bisectors as those of the lines given by a?x2 + 2h(a + b)xy +
bzyz =0

Proof: The bisector of the pair of the lines a?x? + 2hxy + b2y? =0 is given
by

xZ_yZ _ xy xZ_yZ xy

a®-b* h(a+b)or' a-b  h

but this is a equation of the bisectors of the lines given by the pair of the
straight lines of the first equation.

Example 18: Prove that angle between one of the lines given by ax? +
2hxy +by? =0

and one of the lines ax? + hxy + by? + A(x? + y?) = 0 is equal to the angle
between

the other two lines of the system.

L o . . x*-y? _xy
Proof: Since the two pairs have the bisectors G- 0ih - h

xz_yz
a+b

or, = % and this is also the equation of bisector of first pair.

Examples19: If the pair of lines x2 - 2pxy - y2 =0 and x2 - 2gxy - y2=0 is
such that

each pair bisects the angle between the other pair, prove that pq = -1.

Proof: Equation of the bisectors ofx? - 2pxy - y2 =0 are 1x_2(__y 12) = %
= X2-y2= %. -------------------- (1)



But the bisectors of first pair of lines are given by the second pair i.e,

Compairing (1) and (2) we get —% =qor pg=-1

Example 20: For what value of A does the equation 12x? -10xy + 2y? +
11x - Sy + A = 0 represents pair of straight lines. Find their equations.

Solution: Here,a=12,b=2,c=A, f= g ,g= % , h =-5. Putting these
values in the condition abc + 2fgh - af2 - bg2 - ch2=0

We get, 24A+ =75 - = - 254 =0= A =2.

Therefore, 12x2-10xy+2y?+11x-5y+2 = 0......... (¢D)]

represents a pair of straight lines and suppose that two straight lines be

Y =miX +Cg, Yy =mMyX + Ca then (Y - mpX - ¢1)(y - maX-¢p) =0

is same as equation (1) then

Y2 + MimpX? - (Mg + My)Xy - (M1C2+ MaC1)X - (Cr+ C2)y +C1C2 =0 ...... (2
Compairing equation (1) and (2) we get

mim; - 12—2 mp+ My =15, MiCy + MyCy = —% ,C1+ szg , C1C2 = 1.
Therefore, (my- my)2=(my+ my)?-4mim;,

=25-24=1

Therefore, m;-my=+1, my+my;=5

=>mi=3or2andm,=2or3
Similarly, (c1-c2)2=(C1+Cp) -4ciCy = % —4x1 :%

9 3 5
= (C1-Cp)% = 7 C1-02:i;,C1+C2:5

1 1
= 01:2,or5, andczzz,orZ.

Therefore, equation of straight lines be y= 3x + 2, and y = 2x +§

=>3x-y+2=0and4x-2y+1=0

Example 21: If x2 - 3xy + Ay? + 3x - 5y + 2 = 0 represents a pair of
straight lines

then find the value of A.

Solution: Condition for pair of straight lines is abc + 2fgh - af? - bg? - ch?
=0 then
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5..3.; 3 5 3 3)2
IXAX 202X(3pgx() — 1 X (-G —2(=3) =0

45 25 91 9
2222 =0
4 4 4 2

A1
“242=0 5 a=2
4 2

Example 22: If Ax? - 10xy + 12y? + 5x - 16y — 3 = 0 represents a pair of
straight lines

then find the value of A .
Solution: Conditions for pair of straight lines is
Abc + 2fgh - af? - bg? - ch? = 0 then

Mx12%-3+2%(-8)X(-5)-hx(-8)2-12x(-2)2 - (-3)(-5)2 = 0

12x25
4

or, -36A+80-64\- -75=0
or, -100A =-150 or, A = 2

Example 23: Show that the equation 12x? - 10xy + 2y? + 11x - 5y + 2= 0
represents a pair of straight lines. Find their equations.

Solution: Since condition for pair of straight lines is abc + 2fgh - af? - bg?
-ch2=0

12x2x2 + (-5)x=x(-2)-12x(— 2)%- 2x(5) 2x(-5)2 = 0
Suppose equation of two lines bey =mix + ¢cpand y = myx + ¢,
Then (y-mix +c)(y-max+¢) =0

Or, y2 + mimyx2 - (my + my)Xy - (C1 + C2)y - (M1C2+ MaCy)X + €1C2, =0
Therefore, mim; =6, m;+ my=5,c1+Cp = g cic=1

Therefore, (M1 - my)2=(My+ my)2-4mm, = 25-24=1
>mp-my==x1

my=3or2andm,;=2o0r3

also, (C1- C2)2 = (Cy+ Cp) - 4C1C :24—5— 4x1= %

or,ci-C==

Nl w

5
,C1+C2=§



1
or,01:20r1and02:50r2

Therefore, lineshbe y=3x +2and y = 2x + %

Example 24: Prove that the point of intersection of the lines given by the
equation X2 - 5xy + 4y2 + x + 2y -2=0is (_g ,_%)

Solution: Suppose that equation of two straight lines be y=mix + c; and y
=myX + Cp,then (y-miX+c¢y)(y-maX+cy)=0

Y2 + mimyx? - (Mg + M2)Xy - (C1+ C2)y - (M1C2 + MaCy)X + €12 =0

1 5 1 1
Therefore, mim, =5 mi+m,= " Ci+Cr=- 51 C1C2 = —>

(M1- mMy)? = (Mg + Mp)? - 4mim;, = é)z ) 4x% = 25;16 =3
3
Mi-M=%2, M+ My =~
1 1 1
my =—, 0r E , My ==0r ,—
AISO, (Cl - CZ)2 = (Cl+ Cz) -4cqco = (— %)2- 4)(—%: —4+2==

cl-czztg,cw Cy= —%,01:% or-landc,=-1 or%

Therefore, equation of lines: y = %x + % VY= %x -1
Or,11x-8y+4=0and x-8y-8=0

Its intersection point is (— g ,— g )-

Example 25:Prove that the equation 8x2 + 8xy + 2y2 + 26x + 13y + 15=0
represents two parallel lines and find the distance between them.

Proof: Condition for parallel lines be h2-ab =0

Therefore, (4)% - 2x8 = 0, so lines be parallel to each other.

8 8 26 13 15
—X2 4= + V2 +=x +—Vy +—=
Also, X2 XY + YR A—X 4y 0

Therefore, y? + 4x? + 4xy +13x +12—3y +12—5 = 0 gives two parallel straight
lines.

Lines be the 2x+y+5 = 0 and 2x+y+§ = 0. If p1 and p; be their distances
from origin, then the distance between them is
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5 3/2 _ 7

P=p1~p :\/@+1)~\/@+1)_%

10.

Check vyour progress

What is the condition for givenlinesy=mqx +cq

and Ax+ By+C=0

(@) tobeparallel? (b)tobe perpendicular?

Find the angle between the lines 2x+ 3y =7 and 4x + 5y = 14.
(@) Write the condition that the twolines

Aix+Bqy+Cq=0and Aox + Boy+Co=0

(i) parallel.
(i) perpendicular.
(b) Arethestraight lines x—3y = 7and2x -6y —16= 0,parallel?
(c) Are the straightlinesx=y+1andx =-y+ 1 perpendicular?

Prove that the straight lines ax2 + 2hxy + by2 +1 ( x2 + y?2) = 0 have
same pair of bisectors for all values of A. Interpret the cased = -
(at+b).

Show that the angle between one of the lines given by ax2 + 2hxy +
by2 = 0 and one of the lines given by ax? + 2hxy + by? +1 ( x2 +
y?2) = 0 is equal to the angle between the other two lines of the
system.

Show that the line Ax + By + C = 0 and the two lines (Ax +
By)? — 3(Ay — Bx)? = 0 form an equilateral triangle.

Show that the equation 3x2 + 7xy + 2y? + 5x + 5y + 2 = 0
represents a pair of straight lines.

For what values of h does the equation3x2 + 2hxy -3y? -40x + 30y -
75 = Orepresents two parallel lines ?

Find the equation of two straight lines passing through (1,1) and
parallel to the straight lines 2x2 + 5xy + 3y2 + 2x - 1 = 0.

Show that the four lines given by the equations 3x2 + 8xy -3y2 =0
and 3x? + 8xy -3y? + 2x -4y - 1 = 0 form a square. Find the
equations of the diagonals of the square.




1.11 POLAR COORDINATES

In the late 17" century the mathematician Bernoulli invented a coordinate
system which is different from, but intimately related to, the cartesian
system. This is the polar coordinate system, and was used extensively by
Newton. Now, let us see what polar coordinates are.

o >
A

Fig. polar coordinate

To define them, we first fix a pole O and polar axis OA, as shown in Fig.
11. Then we can locate any point P in the plane, if we know the distance
OP, say r, and the angle AOP, say 6 radians. (Does this remind you of the
geometric represent it by a pair (r, 6), where r is the “directed distance” of
P from O and 6 is ZAOP, measured in radians in the anticlockwise
direction. We use the term “directed distance” because r can be negative

om
also. For instance, the point P in Fig. 1 can be represented by (5,7] or

(— 5,—%) Note that by this method the point O corresponds to (r, 6), for

any angle 0.

/4

o

. _ T
Fig.1 : P’s polar coordinates are (— 5 —ZJ
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Thus, for any point P we have a pair of real numbers (r, 6), for any angle
0. Thus, for any point P, we have a pair of real numbers (r, 6) that
corresponds to it. They are called the polar coordinates.

Now, if we keep 0 fixed, say 6 = a, and let r take on all real values, we get
the line OP (see Fig. 12), where £ AOP = a. Similarly, keeping r fixed,
say r = a, and allowing 6 to take all real values, the point P(r, 0) traces a
circle to radius a, with centre at the pole (Fig. 14). Here note that a
negative value of © means that the angle has magnitude |6|, but is taken in

T
the clockwise direction. Thus, the point (2,—Ej is also represented by

)

w3

>4

Fig.2 : The line L is given by 6 = z/3.

As you have probably guessed, the cartesian and polar coordinates are
very closely related

X =rc0s60,y=rsin0,or

r= x2+y2,9=tan‘1z
X

Note that the origin and the pole are coinciding here. This is usually the
situation. We use this relationship often while dealing with equations. The
cartesian equation of the circle x* + y* = 25, reduces to the simple polar
from r = 5. So we may prefer to use this similar form rather than the
cartesian one. As 0 is not mentioned, this means 0 varies from 0 to 2=z to
4m and so on.



@ ¢ >
0 A
Fig.: circler=1
Y A
y (%X, ¥)
(r, ©)
r
0 -
O b4 5{

Fig. : Polar and Cartesian Coordinates.

Check your proqgress

T
1.  Draw the graph of the curve r cos (6 —Zj =0, asrand O vary.

2. Find the cartesian forms of the equations
(@) r*=3rsino.

(b) r=a(1-cosH), where ais a constant.

1.12 POLAR EQUATION OF A CONIC WHEN
THE FOCUS IS THE POLE

Let S is focus and ZM the directrix of the conic. Let SZ be
perpendicular from S to the directrix, and let (r, &) be the coordinate of a

point P on the conic, S as a pole and SZ as initial line. From P draw PN UGMM-102/25
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Fig. 1

and PM perpendiculars on SZ and ZM, and let e be the eccentricity
of the conic and [ be its semi- latus rectum SL. By the definition of the
conic SP|PM = e (constant)

Thatis,r = e.NZ = e (SZ — SN) = e(SL|e - SP cos 6)
= [l— ercosé
Or,llr = 1 + e cos 6. Which is the required polar equation.

Remark:1(a). The equation of the conic when the axis SZ is
inclined at an angle « to the initial line is

llr =1+ ecos(@-a),

(b). The equation of the conic when the positive direction of the
initial line is ZS instead of SZ, is l|r = 1 — e cos 6.

1. If e =1,the conic is a parabola.

2 If e < 1, the conic is an ellipse.

3 If e > 1, the conic is a Hyperbola.
4. If e = 0, the conic is a circle.
5

If e = oo, the conic is the pair of straight lines.

1.13 DIRECTRICES

The equation of the directrices of the conic
llr =14 ecos 6.1f (r, )

be the coordinates of any point on the directrix ZM corresponding to the
focus S, r cos 8 = SZ = l|e.

The equation of the directrix corresponding to the focus which is the pole,
therefore, l|r = e cos 6.



Fig. 2

Now to find the equation of the other directrix, let P’ be a point (r, 8) on it
and SZ’ the perpendicular from S. Then,

SZ' = SP' cos(m — ) = —rcos 6,

Now, ZZ' = 2ale and SZ = l|e.

Hence, SZ' = ZZ' — SZ = 2ale — l|e
=2lle(1—e?) —lle=1(1+e?)]e(1—e?) Since,
[l =b%|a=a(l-e?.

Equating the two values of ',

we get -rcos 0 = (1 +e?)|e(1—e?) orl|r
=—e(1—e?)|(1+e*)cos 0

as the equation of the other directrix.

Example 1: Prove that the equations l|r =1+ ecos @ and l|r = —1 +
e cos @represent the same conic.

Solution: The given equations are
lir =14+ ecos@.......... (1)
And Illr = =1+ ecosé. ..........(2)

We want to show that every point on the curve (1) also lies on the curve
(2). Let P(r4, 6,) be any point on the curve (1) then,

lily, =1+ ecos éb,....... (3)

Now also the coordinate of the point Pcan be expressed as (—ry, @ + 6;)
instead of (ry, 6;). This satisfies the equation (2)

l(-r) =—-1+ ecos(m+ 6,) — l|ny
=—1—ecos@ =>llry =1+ ecos 6.

Which is same as (3). Thus every point on the curve (1) also lies on the
curve (2). Similarly we can show that every point on the curve (2) also lies
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on the curve (1). Hence the both equations (1) and (2) represent the same
curve.

Example 2: PSP’ is the focal chord of the conic l|r = 1+ e cos 6.
Prove that 1|SP + 1|SP’ = 2|l, where [ is the semi- latus rectum.That is
the semi-latus rectum is the harmonic mean between the segments of a
focal chord.

Solution: Since equation of the conicis |r = 1+ e cos 6.

Let the chord PSP’ make an angle a with the initial line. Then the
vectorial angles of P and P” are a and  + « respectively.

From the equation of the conic [|SP = 1+ ecos a
and [|SP' = 1+ ecos(a+ n).

Adding these we get, [|SP + [|SP’ = 2.

Therefore, 1|SP + 1|SP' = 2|L.

Example 3: A circle is passing through the focus of a conic I|r = 1+
e cos 6 whose latus rectum is 2l meets the conic in four points whose
distances from the foci are r;r,73 and 7, Show that 1[ry + 1[r, +
1lrs + 1|, = 2L

Solution: We take the focus as pole and the axis of the conic as the initial
line. The equation of the conic now be taken as

llr =1+ ecos................(1)

The equation of the circle passing through the pole may be taken as
r=acos(60 — @) ... .. ce.....(2)

where a is the diameter and «a the angle which the diameter makes with
the initial line. Eliminating @ between (1) and (2),

{r — (acosa)|e(1|r — 1)}?* = a?(sina)*{1 — (1 —r)?|(er)?}

Or,e?r* + 2r3aecosa + r?(a? — 2aelcosa — a’e?sin’a) — 2a®lr +
Q22 =0 .. (3)

If r, 1,3 and r,, be the distances from the point of the inter-section from
the focus, then these are the roots of the equation (3).

Hence, 71,13 + 1y1ary + mnr, + 1orsry = 2a%le? .......... (4)
And ryrrary = a?l?le? ..........(5)
Dividing (4) by (5), we get 1|r; + 1|r, + 1|15 + 1|1y = 2|1

Example 4: Prove that the perpendicular chords of a rectangular
hyperbola are equal.



Solution: Let PSP’ and QSQ’ be two perpendicular focal chords. Hence
the vectorial angle of P is a, the the vectorial angle of Q is (7|2 + «)
,also vectorial angle of P’ is (7|2 + «)

We have,

[|ISP = 1+ ecosa.....(1)

and [|SP" = 1+ ecos(a+m)........ 2
We have PP’ = SP + SP’

=114+ ecosa+ |1+ ecos(a+m)
=11+ ecosa+ l|1— ecosa

= 2I|1 — e?(cosa)?

Therefore, 1|PP’ = (1 — e?(cosa)?®)|2l ......... (3)

Similarly, we have

11QQ’ = (1 — e?(cos(m|2 + a))?)|21

ie. 1]QQ’ = (1 — e?(sina)?)|2l......... (4)

In the case of rectangular hyperbola ,we have e = /2, therefore,
PP’ = 2I|1 — 2(cosa)? = 2l| cos 2a

and QQ' = 2l|1 — 2(sina)? = 2l|cos2a. Hence, PP’ = QQ’

Example 5: A point moves so that the sum of its distances from two fixed
points Sand S’, is constant and equal to 2a. Show that P lies on the
conica(l — e?)|r = 1 — ecosé.

Referred to S as pole and SS’ as the initial line, the SS’ being equal to 2ae.

Solution: Let the coordinates of P referred to S as pole and SS’ as the
initial line be (r, 8). Then, since SP = r,S’P = 2a — .

From the triangle ’ , we have

(§'P)? = (SP)? + SS'? — 25P.§§'cos6

or, 2a — )% = r? + (2ae)? - 2r. 2aecos6

or,a—r = ae? — ercosé.

This gives that a(1 — e?)|r = 1 — ecos8
P(r,0)
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Example-6 : A straight line drawn through the common focus S of a
number

of conics meets them in the points Py, P,, P;s....... On it is taken a point Q
such that the reciprocal of SQ is equal to the sum of the reciprocals of SP,,
SP,, SP;......... Prove that the locus of Q is a conic section whose focus is
S and the reciprocal of whose latus-rectum is equal to the sum of the
reciprocals of the latera recta of the given conics.

Solution: Suppose that general equation of a conic is
llr =1+ ecos@........... (1)

Taking the common focus S as the pole and the common axis as the initial
line, then the equations to the conics are

lylr =1+ e, cos 8, n= 1,23, ..... @)

Suppose a straight line drawn through S make an angle S with the
common axis of the conics.

Suppose this straight line meets the conic l,|r =1+ e ,cos @,

at the point B,, where n = 1, 2, 3,........ lie on the same straight line,
therefore their vectorial angles are the same. Let (1, ) be the
coordinates of the point B, which lie on the conic

lL)r =1+ ey cos@thenl,r,=1+4+ e, cosB,n=1,2,3,..

Suppose Q is the point (R, ) on this line. Then according to the question
11SQ = X 1|SB,, o1, 1|R = Y 1|r,

Or,1|R =X((1 + eycosB)|l),n = 1,2,3,........
=1 + ecosB)|l; + (1 + eycosB)|l; ...
= AL+ 1L+ ....)+ (eq |y + exlly + ....)cosB
=1|L+(1|K) cosf, Where 1|L = 1|l; + 1|l + ...
Therefore, L|IR = 1 + Ecosp where E = L|K.
Hence, the locus of Q(R,B) isL|r = 1 + E cosf

This is the equation of a conic with focus S, semi-latus rectum L and
eccentricity E.

Example 7: A chord of a conic subtends a constant angle at a focus of the
conic. Show that the chord touches another conic.

Solution: Suppose that the equation of the conic whose focus is the pole,
l[lr =14+ ecos@........... (1)

Suppose a chord PQ of the conic (1) subtends a constant angle 2 at the
focus S. Let @ + S and a — B be the vectorial angles of the extremities of



the chord PQ. Then the equation of the chord PQ is l|r = ecos @ +
secficos(6 — a), or

lcosf|r = ecosPBcos @ +cos (68— a)....... @)
Obviously the straight line (2)is the tangent to the conic
lcosB|r = (ecosf)cos @ at the point whose vectorial angle is a.

Example 8: Find the condition that the line l|r = Acosf + Bsinf may
be a tangent to the conic [|r = ecos 6.

Solution: Suppose that the equation of the line is
llr = Acos@ + Bsinf .......... (1)
is a tangent to the conic I[|[r =1+ ecos 6........ @)

at the point whose vectorial angle is a. The equation of the tangent to (2)
at the point « is

lilr = ecos 6 + cos(6 — ),
or,lIr = (e + cosa)cos 6 + sinBsing, ........ 3)

The equation (1)and (3) should represent the same line. So, comparing the
coefficients of 1|r, cos6 and sinf, we have

1 =(e + cosO)|A = sinb|B
Or, cosa = (A — e) and sina = B.
Squaring them and adding, we have
(A—e)? + B2 = 1.

Which is the required condition.

Note : For tengents see 2.4,

Check your progress
(1) Prove that the equations l|r =1 — e cos 6 and

llr = —1 — e cos Grepresent the same conic.

(2) If PSQ and PHR be two chords of an ellipse through the foci S and
H, show that PS|SQ + PH|HR is independent of the position of
point P.

(3) If PSP’ and QSQ’ are two perpendicular focal chords of a conic;
prove that 1|SP.SP’ + 1|5Q.SQ'is constant.

(4) Show that the middle points of focal chords of a conic lie on
another conic of the same kind.

(5) Inany conic prove that the sum of reciprocals of two perpendicular
focal chords is constant.
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(6) PSP’ is afocal chord of a conic. Prove that the locus of its middle
point is a conic of the same kind as the original conic.

(7) A chord PQ of a conic whose eccentricity is e and semi- latus
rectum [ subtends a right angle at the focus S, show that

(1ISP-11D% + (1IsQ - 11D* = (e| )

(8) A point moves, so that the sum of its distances from two fixed
points S and S’ is constant and equal to 2a. Show that P lies on the
conic a(l — e?)|r =1 — ecos8 refered to S as pole and SS’ as
initial line, SS’ being equal to 2ae.

(9) A circle of given radius passing through the focus S of a given
conic intersects it in A,B,C,D: Show that SA.SB.SC.SD is
constant.

(10) Prove that the condition that the line l|r = Acos6 + Bsinf may
touch the conic Ijr =1+ ecos (0 — a) is A% + B? —
2e(Acosa + Bsina) + e*-1 =0

1.14 EQUATION OF THE CHORD WHEN THE
VECTORIAL ANGLES OF THE
EXTREMITIES ARE GIVEN

Let the equation of the conic bel|r = 1+ ecos @.............. 1)

Let the vectorial angles of the extrimities of the chord be

(a = B), (a + ).
Since the general equation of a straight line on
llr = Acos (0 — a) + Bcos O ................. (@)

It can easily seen by converting equation (2) in Cartesian co-ordinates.
Suppose equation (2)be the equation of the given chord. Then it must pass
through points on (1), whose vectorial angles are(a — ), and (a +
B).Putting 6 = (a — B) and 6 = (a + B) in (1)and (2), and equating the
values of r, thus we get

1+ ecos(a—pB)=AcospB+ Bcos(a— pB),
and1+ ecos (a+ B)=Acosp + Bcos (a + B).

From these we have A = secf, B = e. Substituting the values of A and B
in (2), the required equation of the chord is

lir = secBcos (6 — a) + ecos 0
Notel: The equation of the chord of the conic

lilr =1+ ecos (6 — y)




joining the points whose vectorial angles are

(@=pB),(a+p)is
lir = secBcos (0 — a)+ecos(6— y).

Check your proqgress

(1) Show that the equation of the directrix of the conic l|r = 1+
e cos 6 corresponding to the focus other than the pole is l|r =
{1 - e)|A + e?)}ecosh.

(2) Ifthe circle r 4+ 2acosf = 0 cuts the conic l|r = 1+ e cos (6 —
«) in four points, find the equation in r which determines the
distances of these four points from the pole. Show that if the
algebraic sum of these four distances is equal to 2a, the
eccentricity is equal to 2cosa

(3) Prove that in a conicllr = 14+ ecos @ the sum of the
reciprocals of two perpendicular focal chords is constant.

Summary

(1) General equation of second degree is ax2+by?+2hxy+2gx+2fy+c =
0

(2) General equation of second degree is ax?+by2+2hxy+2gx+2fy+c =
0 represents a pair of straight lines if abc + 2fgh - af%- bg?- ch?2 =0
then
Case(1). ab — h? = 0, it represents a pair of straight lines.

Case(2. ) ab — h? # 0, it represents a pair of intersecting straight
lines.

Case(3).ab — h? < 0, it represents a pair of real or imaginary
straight lines.

Case(2.) ab — h? > 0, it represents a point.

Note(1) : Here a, b, c, stand for coefficients of x2, y? and constant
term respectively and f, g, h stand for half of the coefficients of vy,
x and xy.

Again, If abc + 2fgh - af?- bg?- ch? # 0 then

Case (1). h = 0,a = b, then it represent a circle.

Case (2). ab — h? = 0, it represents a parabola.

Case (3). ab — h* > 0, it represents an ellipse. UGMM-102/33
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3)

3)

(4)

()

(6)

Case (4). ab — h? < 0, it represents a hyperbola.

Case (5). ab —h? < 0and a + b = 0, it represents a rectangular
hyperbola.

Note (2): If abc + 2fgh - af?- bg?- ch? # 0in the above equation
then it represents the non- degenerate conic.

If abc + 2fgh - af>- bg> ch? = Qin the above equation then it
represents the degenerate conic.

The homogenous equation of second degree ax? + by? + 2hxy = 0
represent a pair of straight lines or two straight lines passing

through the origin then the angle between them is o = tan™-
2V(h%-ab
Ey (4)

The lines are real and distinct, coincident or imaginary according
as (h?—ab)>0,=0o0r <0.

Case(1): If the lines be perpendicular,then a=90 Therefore,

2vV(h2-ab)

tana = tan90 = oo =
a+b

, i.e. ath=0

i.e. [coefficient of x2 + coefficient of y?=0]
Case(2): If the lines be parallel ,then a=0. Therefore,

_2V(h*-ab)

— then V (h? - ab) = 0

tana =tan0 =0

then hz2 = ab i.e. (% coefficient of xy)?
= product of coefficient of x2 and coefficient of y2.

The required condition that ax2 + by? + 2hxy + 2gx + 2fy + ¢ =0
represent a pair of general linear equations is abc + 2fgh - af?- bg?-
ch2=0.i.e.

a h g
h b fl=0
g [ c

The bisector of the pair of the lines a?x? + 2hxy + b2y? =0 is given

xZ_yZ _ xy xZ_yZ _ xy

Yy~ h(a+b)0r’ a-b _ h

(@). The equation of the conic when the axis SZ is inclined at an
angle a to the initial lineisl|r = 1 + e cos(8- ),



(8)

©)

(b).

().
(d).
(e).

(®).

(9).

The equation of the conic when the positive direction of the
initial line is ZS instead of SZ,is l|r = 1 — e cos 6.

If e =1, the conic is a parabola.
If e < 1, the conic is an ellipse.

If e > 1, the conic is a Hyperbola.
If e = 0, the conic is a circle.

If e = oo, the conic is the pair of straight lines.

The equation of the directrix of the conic l|lr = 1+ ecos6 is

lr =—e(1—e?)|(1+e?)cos b

The equation of the chord of the conic l|r = 1+ e cos (6 — y)

joining the points whose vectorial angles are (a — ), (a + ) is

llr = secB cos (6 — a) +ecos(B — y)
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UNIT-2 CURVE TRACING

Structure

2.1  Introduction

2.2  Objectives

2.3 Tracing of a conic

2.4 !Equation of the tangent at the point whose vectorial angle
IS a

2.5 !Equation of the normal at the point whose vectorial angle
IS a

2.6 Asymptotes

2.7 Polar

2.8 Auxiliary circle

2.9  The point of intersection of two tangents

2.10 Director circle

2.1 INTRODUCTION

In this unit, our aim is to re-acquaint with tracing of conic and its
different aspects of two dimensional geometry. The French philosopher
mathematician Rene Descartes (1596--1650) was the first to realize that
geometrical ideas can be translated into algebraic relations. The
combination of Algebra and Plane Geometry came to be known as
Coordinate Geometry or Analytical Geometry. A basic necessity for the
study of Coordinate Geometry is thus, the introduction of a coordinate
system and to define coordinates in the concerned space. We will briefly
touch upon the equation of tangents at a point, equation of normals at a
point of a conic. Next, we will talk about symmetry with respect to origin
or a coordinate axis.

We have read about lines, angles and rectilinear figures
in geometry. Recall that a line isthe join of two points ina
plane continuing endlessly in both directions. We have also
seen that graphs of linear equations,

Which came out to be straight lines. Interestingly, the
reverse problem Of the above is finding the equations of
straight lines, under differentconditions in a plane.The
Analytical  Geometry, more  commonlycalled Coordinate
Geometry, comes to our help in this regard.
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In this unit we shall find equations asymptotes, polar,
Auxiliary circle the point of intersection of two tangents and Director
circleand try to solve the problem based on these.

2.2 OBJECTIVES

After studying this unit you should be able to find:
1.  Tracing of conic and its related concepts
2. Equation of the tangent at the point whose vectorial angle is a
3. Equation of the normal at the point whose vectorial angle is «.
4. Asymptotes for different conics.
5. Equation of pole and Polar
6. Equation of the Auxiliary circle
7. The point of intersection of two tangents.

8. Equation of Director circle

2.3 TRACING OF A CONIC

The curves (a pair of a straight lines, a circle, a parabola, an ellipse and a
hyperbola ) which comes under the category of conic sections. It is
derived from the fact that these curves were first obtained by cutting a
cone in various ways.

Conic is the locus of a point which moves so that its distance from a fixed
point (focus) is in a constant ratio to its perpendicular distance from a
fixed straight line (directrix). The constant ratio is called eccentricity and
it is denoted by e

The general equation of the second degree is is
ax2+by?+2hxy+2gx+2fy+c = 0........ 1)
We remove the term of xy form (1) then we have the following cases:

Casel: Leta # 0and b # 0, then equation (1) is written as

a(x* + 2gxla + (gla)®) + b(y* + 2fylb + (fIb)*) — (gla)?) —
(fIb)2+c =0

Or,a(x + gla)* + b(y + fIb)* = (gla)®) + (fIb)? — ¢ = K (say)

Sifting the origin to (—g|a, —f|b), then this equation becomes



Q2 Q1

o

(i)

(i)

C (0,0)

If K= 0, the equation (2) becomes ax? + by? =0 and this
represent a pair of straight lines. These straight lines are real if
a and b are of the opposite signs and these lines are imaginary if
a and b are of the same sign.

If K+0, the equation (2) becomes x?|K|a+ y?|K|b = 1.

If K|a and K|b are both positive, the equation (3) represents an
ellipse which becomes a circle if in addition to being positive K |a
and K |b are both equal.

Again the equation (3) represents a hyperbola if K|a and K|b are
of opposite signs. If K|a and K|b are both negative, the equation
(3) is said to represent an emaginary ellipse.

Case Il : If one of a or b is zero while other is not zero. If we take
a = 0and b # 0 the the equation (1) will be
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byz+2hxy+2gx+2fy+c = 0

or, (y + f|b)?2 = —Qg|b)x —c|b + (f|b)? ............. (4)

If g = 0, then equation (4) represents two parallel straight lines, which
are coincident if 2 — bc also is zero.

If g # 0, the equation (4) can be written as

O+ fIb)? = —(2g|b)[x + c|2g + f* |2bg]
Shifting the origin to (2 |2bg — c|2g, —f|b), this equation becomes

y? = —(2g|b)x which represents a parabola. Hence in each case the
general equation of second degree represents a conic section.

Centre: The centre of a conic section is a point which bisects all those
chords of the conic that passes through it. The general equation of the
second degree namely

ax2+byz+2hxy+2gx+2fy+c = 0 will represent a conic with centre at the
origin only if the coefficient of x = the coefficient of y = 0 l.e. only if
g = f = 0. That is only if the first degree terms are absent from the
equation of the conic. If the centre of the conic is to be at the origin, then
for each point (x4, y;) on the conic, the point (—x;, —y;) must also lie on
the conic.

The coordinates of the centre of the conic ax?+by?+2hxy+2gx+2fy+c = 0
is ((hf — bg)|(ab — h?), (gh — af)| (ab — h?))

To find the coordinates of the centre of a conic F(x, y) =

axz+by?+2hxy+2gx+2fy+c = 0. We have z—i = 2(ax + hy + g), Z—Z

= 2(hx + by + f), for centre of the conic F(x,y) = 0 is obtained by
solving the equationsax + hy + g=0andhx + by + f =0

ThatisZ = 0and 2 = 0
ox ady
Example 1: Find the coordinates of the centre of the conic 14x? — 4xy +
11y% — 44x — 58y + 71 = 0.
Solution: Let F(x,y) = 14x% —4xy + 11y%? — 44x — 58y + 71 =0

To find the coordinates of the centre we have Z—z =0 and Z—; = 0.

Therefore, 2~ = 28x — 4y — 44 = 0 and Z—i = —4x+22y —58=0

Solving these two equations we getx|—-150 = y| — 225 = 1| — 75
So, x = 2,y = 3. The coordinates of the centre is (2, 3).

Example 2: Find the equation of the asymptotes of the conic 3x? — 2xy —
5y2 +7x —9y = 0and find the equation of the conic which has the
same asymptotes and which passes through the point (2, 2).



Solution: Since the equation of the asymptotes differs from the equation
of the conic only by a constant term, therefore let the equation of the
asymptotes be 3x% — 2xy — 5y + 7x —9y + 1 =10....(1)

Where Abe a constant term. Equation (1) should represent a pair of
straight lines, if abc + 2fgh — af? — bg? — ch?* =0

Or, 3(=5)A+2(-912)(7]2)(=1) — 3(=9I2)* — (=5)(7]2)* —
A(=1?=0,0r,1=2.

The equation of the asymptotes is

3x2—2xy —5y*+7x—9y+2=0............(2)

Now let the equation of a conic having (2) for its asymptotes be
3x2—2xy—5y*+7x—9y+2+ u=0.......... €))

Where u is a constant to be determined by the fact that the conic (3) is to
pass through the point (2, 2).

3(4) — 222-54 + 7.2-92 4+ 2 + u=0,0or u = 18Putting  the
value of u in (3), the required equation of the conic is

3x2 —2xy —5y*+7x—9y+20=0

Example 3 (a) : Find the coordinates of its focus, axis, the vertex, the
equation of the directrix and the length of its latus rectum of the
parabola16x? — 24xy + 9y? — 104x — 172y + 44 = 0.

Solution: The second degree terms parabola16x? — 24xy + 9y? form a
perfect square, therefore the given equation represents a parabola. Now we
can write it as (4x — 3y)%? = 104x + 172y — 44 ...(1)

Now we introduce a new constant A in both sides. So, we have
(4x =3y + )%= (104 + 8D)x + (172 — 6A)y + 12 — 44...(2)
Now we choose A such that the lines 4x — 3y + 1 =0 and

(104 + 80)x + (172 — 61)y + A2 — 44 = 0 are at right angles. For this
we have (4]|3){—(104 + 81)|(172 — 6A)} = —1

Or, —4(104 + 81) = —3(172 — 61)

Or, 504 =100

Or,A=2

Putting this value of 1 in (2), we have

(4x —3y + 2)> =40(3x + 4y — 1)

or, {(4x — 3y + 2)|5}% = 8{(3x + 4y — 1)|5}......... ?)
The equation (3) is of the standard form Y? = 4pX, where
X ={Bx+4y—-1)|5}and
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Y= (4x—-3y+2)|54p =38

(). The axis of the parabolaisY = 0
i.e.(4x—3y+2)=0

(if). The tangent at the vertex is X = 0
i.e.3x+4y—-1=0

(iii). The vertex of the parabola is the point of the intersection of the lines
(4x —3y+2)=0and3x+4y—1=0.

The coordinates of the vertex 4 are (—1|5, 2|5)

(iv). The length of the latus rectum is 4p = 8

(v).The equation of the latus rectum is
X=pieBx+4y—-1)|5=2

i.e.3x+4y—-11=0

(vi). The coordinates of the focus of the parabola are (1, 2).

(vii). The equation of the directrix is givenby X = —p

.Bx+4y—-1)|5=-2i.e3x+4y+9=0.

Example 3 (b) : Trace the conic 36x? + 24xy + 29y? — 72x + 126y +
81 =0.

Solution: The given conic is
F(x,y) = 36x% + 24xy + 29y? — 72x + 126y + 81 = 0.

Hence, a =36, h = 12,b = 29.Since h> = ab. That is the second
degree terms of the equation is not a perfect square, therefore the given
equation represents a central conic. The coordinates of the centre are given
by the equations

z—iz 72x + 24y —72=0,i.e. 3x +y — 3 =0,

Solving these equations, coordinates of centre is (2, —3)

Nowc =gx, + fy, +¢c = (—=36)(2) + (63)(—3) + 81 = —180
Therefore the equation of the conic referred to the centre as origin is
36x2 + 24xy + 29y% — 180 = 0

In the standard form of this equation is 1|5x% + 2|15xy +
29180 y% = 1.

The squares of the lengths of the semi- axes are given by



(A—1|r?)(B - 1|r?)= H?

or, (1[5 -1|72 )(29]180 — 1|r2) = (1]15)?
Or, 1|r* — (13|36)1|r2 + 1|36 =0
Oor,r* =13r?2+ 36=0

or, (n% — 9N(r?-4)=0

Oornmrnt=9 nr2=4

The conic is an ellipse since both ;2 and r,2 are positive. The lengths of
the major axis minor axis are 2r; and 2r, that is 6 and 4 respectively.

The equation of the major axis referred to the centre as origin is
(A-1|n®)x+Hy =0,
Or,(1|5-1|9)x+ 1|15y =0

Or, 4x + 3y = 0. Therefore, the equation of the major axis referred to the
old coordinate axes is 4(x —2) + 3(y+3) = 3

Or,4x+3y+1=0

The minor axis is the straight line perpendicular to the major axis and
passing through the centre (2, —3).So referred to the old coordinate axes
the equation of the minor axisis3(x —2) — 4(y+3) =0

Or,3x—4y—-18=0

The points of intersection of the conic with the coordinate axes.
The given conic cuts the x — axis in the points where y = 0 i.e.
36x2 —72x+81=0,i.e. 4x2—-8x+9=0.

This gives the imaginary values of x because its discriminant

b —4ac = 64 —4.49 = —ve. Hence the given conic does not cut the
X — axis.

The given conic cuts the y — axis in the points where x = 0.

Where 29y? + 126y + 81 = 0. Where
y= —0.8and y = —3.6(nearly)

Hence the shape of the given conic (which is an ellipse) is as shown in the
figure. So, draw the major axis which passes through the centre
(2,—3)and it cuts the x-axis at the point (—1|4, 0).
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Minor Axis

Check your progress

130ax — 60ay + 116a% = 0.

@)

(3)

4)

()

(6)

Find the lengths and the equations of the axes of the conic 5x2 —
6xy + 5y% + 26x — 22y + 29 = 0.

Find the equation of the hyperbola whose asymptotes are parallel
to 2x + 3y =0 and 3x + 2y = 0, whose centre is at (1,2) and
which passes through (5, 3).

Trace the curve 8x% — 4xy + 5y% — 16x — 14y + 17 = 0. Find
the coordinates of its foci and show that its axes lie along 2x —
y—1=0 and 2x + 4y — 11 = 0.

Trace the curve 14x2 —4xy + 11y? —44x —58y +71 = 0.
Find the coordinates of its foci and the length of its latus rectum.

Trace the curve 5x% + 4xy + 8y% — 12x — 12y = 0. Find the
coordinates of its foci and the length of its latus rectum.




(7) Trace the curve 11x% + 4xy + 14y% — 26x — 32y + 23 = 0.
Find the coordinates of its foci.

(8) Trace the curve 41x? + 24xy + 9y? — 130ax — 60ay +
116a% = 0.

(9) Trace the hyperbola x? — 3xy + y? + 10x — 10y + 21 = 0. Find
the equations of its axes and asymptotes.

(10) Trace the curve 17x% —12xy + 8y? + 46x — 28y + 17 = 0.
Find its eccentricity, the equations of its axes, the coordinates of its
foci and the equations of its directrices.

(11) Trace the parabola9x? — 24xy + 16y? — 18x — 101y + 19 = 0.
Find the coordinates of its focus, axis, the vertex, the equation of
the directrix and the length of its latus rectum.

(12) Find the equation of the hyperbola whose asymptotes are parallel
to 2x + 3y =0and 3x + 2y = 0, whose centre is at (1,2) and
which passes through (5, 3).

(13) Find the lengths and the equations of the axes of the conic
5x% — 6xy + 5y% + 26x — 22y +29 =0

24 EQUATION OF THE TANGENT AT THE
POINT WHOSE VECTORIAL ANGLE IS a

Suppose that equation of the conicisl|r = 1+ ecos é...... Q).
If the points on the conic (1) whose vectorial angles are

(a —pB),and (a + B). Since the general equation of a straight line on
llr = Acos (0 — @) + Bcos @ ................. 2

It can easily seen by converting equation (2) in Cartesian co-ordinates.
Suppose equation (2)be the equation of the given chord. Then it must pass
through points on (1), whose vectorial angles are(a — f),and (a +
B).Putting 6 = (a — B) and 6 = (a + B) in (1)and (2), and equating the
values of r, thus we get

1+ ecos(a—pB)=AcospB+ Bcos(a— pB),
and1+ ecos (a+ B) =Acosp + Bcos (a + B).
From these we have A = sec3,B = e.

Substituting the values of A and B in (2), the required equation of the
chord is

lir = secBcos (6 — a) + ecos 0
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If the angles (@ — B), and(a + B) coincide, B becomes zero, and in this
limiting position the chord becomes a tangent to the conic at the point
whose vectorial angle is a. The equation of the tangent to the conic at the
point whose vectorial angle is « is, therefore,

lir = cos(0 — a) +ecos@......... (1)
Notel. If the equation of the conic is

llr =1+ ecos (06— 6,),

then the equation of the tangent at ‘a’ is

lir = cos(® — a) + ecos (60 —06,)

Note2: The equation of the tangent for the conic
llr = 14 ecos (0 — y) at the point "a" is
lir = cos(® — a) +ecos(0— y).

Note: The slope of the tangent (1) is (e + cosa)|sina.

2.5 EQUATION OF THE NORMAL AT THE
POINT WHOSE VECTORIAL ANGLE IS a

Suppose that equation of the conicisl|r = 1+ ecos é...... (@D

Suppose that equation of the tangent at the point (r, ) on the conic (1) is
lir = cos (6 — a)+ecosH........... @)

The equation of the normal to the conic (1) which is perpendicular to
thetangent of this conic is in the form

Alr = cos(0 + m|2 — a) +ecos (6 + m|2) = Alr = —sin(6 — a) —
e sinf............(3)

Now equation of the normal at the point (’, «) of the conic (1) which is
perpendicular to the equation (3), that is equation (3) passes through the
point (', a), therefore, we get

Alr' = —esina............(4).

Now from the equation of the conic,

llr' = 1+ecosa

Hence, from the equation (3), we get A = —elsina| (1 + ecosa)

Substituting it in equation (2), the equation of the normal at the point
whose vectorial angle is « is

elsina| (1 + ecosa)r = sin(@ — a) + e sinf

Note3 : The equation of the normal for the conic



llr = 14 ecos (0 — y) at the point "a" is
elsina| (1 + ecosa)r = sin(@ — a) + e sin(0 —y).

Example 4: Chords of a conic subtended a constant angle 2« at the focus.
Find the locus of the point where the chords are met by the internal
bisector of the angle which they subtend at the focus.

Solution: Let the equation of the conic bel|r = 1+ e cos 6 and the
vectorial angles of the extremities (8 — «) and (8 + «). This chord then
subtends an angle 2« at the focus and its equation is

llr = secacos (0 — B)+ecosH.......... 1)

If (r',8") be the coordinates of the point where the chord is met by the
internal bisector of the angle which it subtends at the focus, then 6’ =

Boiiiiiiiiin(2).

Since (r',68") lies on (1),

l|r'" = secacos(0'— B)+ecosb'............ (3)
From (2) and (3), we obtain that

l|r'" = seca +ecosb’

or, lcosa|r’ = 1 + ecosacos 0’

Hence the locus of (r',8") is the conic

lcosa|lr = 1 + ecosacos 0.

Example 5: If the normal at L, an extremity of the latus rectum of the
conic l|[r = 1+ ecos & meet the conic again at Q, show that SQ =
I(1+43e?+ eY)|(1 +e?— e?).

Solution: The polar coordinates of the point L are (I, (1|2) m), and the
equation of the normal at L is

lr(esinm|2|(1 + ecosm|2)) = sin(6 — m|2) + e sind

Or, le|r = esinf —cos0 .......... @)

Now we eliminating 6 between (1) andthe equation of the conic,
{ellr + (I —1)|er}* = e?{1 — (L —1)|er)?},

which gives on simplification

A=-D[U=-7).(1+e?) +2le?*+ e*(l+71)] =0.

The value r =1 corresponds to the point L. From the other factor we
obtain SQ = I(1 + 3e%2 + e?)|(1 +e? — e%)

Example 6: If the normal at the points whose vectorial angles are a, 5,y
on the parabola l|r = 14+ ecos & meet in a point (p, ¢), show that
20 =a+p+y.
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Solution: The equation of the normal at a point on the parabola whose
vectorial angle is@yisl|r(sin;|(1 + cos6,))

= sin(@ — 6;) + sinf.
If this passes through the point (p, ¢),
then l|p(sin6,|(1 + cos6;)) = sin(¢p — 6;) + sing,
or, 21 |[2p(sin(6; |2) cos(6;12) (cos? (6 12)) )
= sin¢p(1 + cos6;) — sinb;cose
= sin ¢(20052(91|2)) — 25in(0,4]2) cos(6,|2)cose or,
llp(tan3(6,12) + (l|p + 2cos¢p)tan(6,]2) — 2sing = 0
This is a cubic equation in tan(6,]2). If tan(a|2), tan (B]2),
tan (y|2) be three roots of this equation, we have
tan(a|2 + Bl2 + y|2) =
(—2psing)l|1 — [(I + 2pcosp)|l] = tan ¢.
Hence, tan(a|2 + F|2 + y|2) = tan¢.
Therefore, 2¢p = a+ +y

26 ASYMPTOTES

Suppose that equation of the conic is

l[lIr =14+ ecosb®.

The equation of the asymptotes of the hyperbola

llr = ecosBiscosO = —1Je

(Since the points at infinity on the conic l|r = e cos 6
are given by cos € = —1]e).

Further we know that the asymptotes pass through the centre of the
hyperbola.

Now the distance of the centre from the focus is ae, where a is the semi-
transverse axis of the hyperbola.

The length of perpendicular from S upon either asymptote is

aesina = ave? — 1, where cosa = —1]e.

The angle which this perpendicular makes with the initial line is —(m|2 —
@), or (|2 — a) depending upon which asymptote is taken.



ave? —1=rcos(6 —a +m|2) and

ave? —1 =rcos(6 + a — m|2) these can be written as

[lIr = —+Ve? —1sin(8 — a) and
llr = —+Ve? —1sin(8 + «),

which is the required equation of the asymptotes of the conic, are the
straight lines

llr=—1lr=(G/(e? — 1D]e) (Ve? — 1cosh + sinH).

1)

(2)

(3)

(4)

()

(6)

()

Check your progress

Find the condition that the line I[|[r = A cos 6 + Bsin 6 may be a
tangent to the conicl|r = 1+ e cos 6.

Prove that the equation of the locus of the foot of the perpendicular
from the focus of a conic I|r = 1+ e cos #on any tangent to it is
r?(e? — 1) — 2lercosf + 12 = 0. Discuss the particular case
when e = 1.

Prove that the condition that the line l|r = Acos® + Bsinf may
touch the conic Ilr =1+ ecos (0 — a) is A* + B? —

2e(Acosa + Bsina) + e*-1 = 0.

Prove that the line l|r = cos (8 — a) + cos(6 — y) is tangent to
the conic l[|r =14 e cos (8 — y) at the point for which 6 = «.

PSP’ is a focal chord of a conic; prove that the angle between the
tangents at P and P’ is tan"!(2esin a| 1 — e?) where «a is the
angle between the chord and the major axis.

Prove that the exterior angle between any two tangents to a
hyperbola is equal to half the difference of the vectorial angles of
their point of contact.

A focal chord PSP’ of an ellipse is inclined at an anglea to the
major axis. Show that the perpendicular from the focus on the
tangent at P makes an angle tan™!{sina| (e + cosa)} with the
axis.

Example7: Two equal ellipses of eccentricity e, are placed with their axes
at right angles and they have one focus S in common. If PQ be a common

tangent, show that the angle PSQ is equal to 2sin™* (e |V2).
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Solution: We take the common focus S as the pole and axis one ellipse as
the initial line so that the axis of other ellipse makes an angle |2 with the
initial line.
Suppose that the equations of two ellipses be
llr =1+ ecoshH.......... 1)

llr =1+ ecos (0 — m|2)

llr =1+ esin6........ (@)

It is given that PQ is a common tangent to the two ellipses. Let the
vectorial angles of P, a point on (1). And Q, a point on (2), be a and 8
respectively. Therefore

llIr = cos (6 — a) + ecos 6)

llr = sinasin + (e + cosa)cosf......... 3)
and tangent to (2) at the point 8 i.e.

llIr = cos(® — B) +esinb

llr = cos BcosB + (e + sinf)sinf......... 4)

These tangents should be identical. Hence we comparing (3) and (4), we
get

1=(cosa+ e)| cosp = sina| (sinB+ e)
Therefore, cosa + e = cosp or, cosff — cosa = e
And sina = sin 8 + e or, sina —sinf3 = e

Now squaring them and adding, we get 2 — 2(cosa cosf + sinasin 8) =
2e?

Or, cos(a — B) =1 —e?
Or,1-2sin?{(a— B)|2}=1—¢?
Or, sin?{(a — B)|2} = e?|2

or, sin{(a — B)|2} =e |2
Therefore, (a — B) = 2sin"'(e | V2).

Example 8: Prove that the portion of the tangent intercepted between the
conic and the directrix subtends a right angle at the corresponding focus.

Solution: Let the equation of the conic referred to the focus S as the pole
bellr = 1+ ecos@............. 1)

The equation of the directrix corresponding to the focus S is

llr = ecosB................(2)



Let the vectorial angle of any point P on the conic be a. The equation of
the tangent at P is

llIr = cos(® — a) +ecosh............ (3)

Now the vectorial angle 6 of the point of intersection K of the
tangent (3)andthe directrix (2)is is given by

cos (0 — a) +ecosO = ecos O
or, cos (06 — a) = 0, therefore, (6 — a) =90°
the directrix subtends a right angle at the corresponding focus.

Example 9: If PSP’ is a focal chord of the conic. Prove that the tangents at
P and P’ intersect on the directrix.

Solution: Let the equation of the conic be
llr =1+ ecosH............. 1)

Suppose that the focal chord PSP’is inclined at an angle a to the initial
line so that the vectorial angles of P and P’ are @ and m + « respectively.
The equations of the tangents at P and P’ are

llr = cos(® — a) +ecosH............ (2)
llIr = cos(® —(m+ a)) +ecosb
llIr = —cos(® — a)+ecosh............ (3)

The locus of the point of intersection of the tangents (2) and (3) is
obtained by eliminating a between (2) and (3).

We adding (2) and (3),
2llr = 2ecosBi.e.llr = ecosb

Which is the equation of the directrix. Hence tangents at P and P’ intersect
on the directrix.

Example 10: Two conics have a common focus; prove that two of their
common chords pass through the intersection of their directrices.

Solution: Suppose that the equations of the two conics having a common
focus be

l[lr =1+ e;cos0........... 1)

Llr =1+ e,cos (0 —a)...... (2)

Equation of the directrices of these two conics be
llr = e;cos0........... (3)

LlIr = e,cos (60 —a)...... 4)

Now we changing (1)to the cartesian form, we have
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l=x2+y2+ex or, (I —e;x)? = (x*+y?)
Now we transform it to polar form, we have
(Ilr —eycos 2 —1=0........ (5)

The equation (5)is thus the polar equation of the conic (1)put in the
form which when transformed to cartesian gives rational cartesian
equation of the conic.

Similarly the equation (2) can be written as
(LIr—e;cos (0 —a))>—1=0........ (6)

Now any curve passing through the point of the intersection of the two
conics (5) and (6) is given by

{(l|r — ey cos )2 — 1} + AM(L|r — e, cos(0 — a))? — 1} = 0.(7)
Clearly if A= -1, the equation (7) gives two lines, namely
(llr — ey cos ©) = +(l|r — e, cos 0)
which clearly pass through the point of intersection of the two directrices
(llr —eycos0) =0and (I|r —e; cos©)) =0

Since the straight lines passing through the points of intersection of the
conics (1) and (2) are their common chords, therefore the common chords
of (1) and (2) pass through the intersection of their directrices.

2.7 POLAR

Let (r,,6,) be a given point on the conicl|r = 1+ e cos 6. We shall use
the property that athe polar of a point is the chord of contact of tangents
drawn from it to the conic

l[lIr = 1+ ecosb®.

If (a —p),(a+ B) be the vectorial angles of the points of contact, the
equation of the chord of contact is

llr = secfcos (0 — a)+ecosh............ (1)
Now equation of the tangent at (a — ) is

llIr = cos(® — a+ B)+ecosB

This passes through the point (r; 6,), therefore,

llIry, = cos(®; — a+ B)+ecosb.............. (2)
Similarly,equation of the tangent at (a + ) is

llIr = cos(® — a— B)+ecosB



This passes through the point (r; 6,), therefore,

llr; = cos(®; — a— B)+ecosb.............. (3)

From equation (2) and (3) we have

cos(0; —a+ B)=cos (6 — a— B)

Thatis (6, — a+ ) =+(0;, — a— pB)

Since p #0,then (6, — a+ B)=—-(0, — a— B)

Thatis, a = 6;.

Substituting this value of « in equation (2) and (3),

we get cosf = l|r; — ecos 0.

From the equation (1), the polar of the point (r; 6) is
(llr — ecosB@)(l|r; — ecos B8,) = cos(6 — 6,)

Remark:1. The pole of a line is the point of the intersection of the
tangents at its extremities.

2. The polar of a point with respect to a given conic is the same as the
chord of the contact of the tangents drawn from the point to the conic, but
here the point must lie outside the conic.

Example 11: Show that the director circle of the conic
llr = 1+ ecos0isr?(1—e?) + 2elrcosd — 21? = 0.

Solution: The equations of the tangents at the points «, of the given
conic are

llr = cos(® — a) +ecos 6 and
llIr = cos (6 — B)+ecosb

If 6 be the vectorial angle of the point where the tangents intersect each
other,

cos (0 — a) = cos (0 — B)
thatis, (@ — a) = + (6 — PB) Neglecting the positive sign,
0= (@+pB)2 (1)

Substituting this value of 6 in the equation of either tangent the radius
vector r of the point of intersection can be written as

llIr = cos(a— B)|2+ecos(@+L)|2 coovvnnnnnnn. @)

Converting the equations of the tangents in coordinates, we see that they
are at right angles if

(cosa + e)(cosp + e) + sinasinfs =0
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that is, if e2 + e(cosa + cosB) + cos(a — ) = 0
which can be written as

e? + e(cos(a + B) |2cos(a — B)|2 + 2cos?(a — )2 —1 =
0....(3)

Eliminating « and £ from equation (3) with the help of equations (1) and

(2),

e? + 2ecosO(l|r — ecos 0.) +2(llr — ecos )2 —1 =0
or, 72(1 — e?) + 2elrcosd — 21> = 0
Which is the equation of the circle.
Example 12: Prove that the two conics [;|r = 1 — e cos 8
and l,|r = 1— e cos (8 — a) will touch one another if
L2(1—ey2) + L2(1 —ey2) = 2L11,(1 — eje,cosa).

Solution: If the vectorial angle of the point of contact be 6', the equations
of the tangents of the given conics are respectively

Lilr = cos(6—6")— ecosB

and l,|r = cos(6 —0') — ecos (60 —a)
thatis, I|r = (cos@ — e;)cosO + sinfsinb’,
and l,|r = (cos8' —e,cosa)cosh + (sinf’ — e,sina) sin 0
Comparing the coefficients,

I,|l; = (cosB' —e,cosa)|(cosh — e,)

= (sinf' — e,sina)| sinb’
from these we get, sin8'(l, — 1;) = —eyl;sina
And cos@'(l, — 1) = —eql, — eyl cosa.
Now we squaring and adding them , we get

112(1 - 622 ) + lzz(l - 312 ) = 211[2(1 - 61626050{).

Check your proqgress

(1) A conic is described having the same focus and eccentricity as the
conicl|r = 1+ e cos 6, and two conics touch at the point 6 = «;
prove that the length of its latus rectum is 21(1 — e?)|(e? +
2ecosa + 1).

(2) P,Q,R are three points on the conic l|[r = 1+ e cos 6, the focus
S beingthe pole; SP and SR meet the tangent at Q in M and N so
that SM = SN = L. Prove that PR touches the conicl|r = 1+




(3)

4)

()

(6)
(@)
(b)

(7)

(8)

©)

(10)

(11)

(12)

2ecos 0O

The tangents at P and Q to a parabola meet at T. Show that
ST? = SP.SQ

Find the equation of the chord of the conic ljr = 1+ ecos @
joining the points whose vectorial angles are |6 and m|3.

Tangents are drawn at the extremities of perpendicular focal radii
of a conic. Show that the locus of their point of intersection is
another conic having the same focus.

In any conic prove that
the tangents at the ends of a focal chord meet on the directrix.

the portion of tangent intercepted between the curve and the
directrix subtends a right angle at the corresponding focus.

Two chords QP, PR of a conic subtendequal angles at the focus.
Prove that the chord QR and the tangent at P intersect on the
directrix.

If the normals at three pointsof the parabola v = a cosec?(6|2),
whose vectorial angles are a, 8,y meet in a point whose vectorial
angle is ¢, provethat 2¢p = a+f +y — .

Prove that, if chords a conic subtend a constant angle at a focus,
the tangents at the ends of the chords meet on a fixed conic and
these chords will touch another fixed conic.

A is the vertex of a conic, and AP a chord which meets the latus
rectum in Q. A parallel chord P'SQ’ is drawn through the focus S.
Show that the ratio (AP.AQ)|(SQ’.SP’) is constant.

If tangent at any point of an ellipse makes an angle a with its
major axis and an angle S with focal radius to the point of contact,
show that ecosa = cosp.

Prove that two points on the conic l|r = 1+ e cos 6, whose
vectorial angles are a and S respectively will be the extrimities of
a diameter if (e + 1)|(e — 1) = tan |2 tan 2.

(13) Find the locus of the pole of a chord of the conic l|r =
1 + e cos 6, which subtends a constant angle2y at the focus.

2.8

AUXILIARY CIRCLE

The locus of the foot of the perpendicular from the focus on any tangent to
a conic (ellipse or hyperbola) is a circle, called the auxiliary circle of the

conic.
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Equation of the auxiliary circle of the conic
l[lr =1+ ecosb. ..... 1)

We take a point a on the conic(1). Equation of the tangent at the point « is
llIr = cos(6 — a)+ecosb ........ (2)

We change the equation (2) in Cartesian form, we have
l=(cosa+e)x+sinay....... 3)

Equation of a line perpendicular to the (3) and passing through the focus is
0 = sina x — (cosa + e)y

Changing it to the polar form, we have

0 = sina rcosf — (cosa + e)rsinf

Or, sin(0 — a) = —esind........... 4)

Now the foot of the perpendicular from the focus sto the tangent (2) is the
given by the intersection of (2) and (4), and hence its locus is obtained by
eliminating the variable a between (2) and (4). Equations (2) and (4) may
be written as

llr —ecos 8 = cos (6 — a) andsin(@ — a) = —esind
Squaring and adding these equations, we have
(esin(0))? + (lr —ecos 8)* = 1
or, (Ir)? - 2(le)|r cosO+e? -1 = 0
(e? — 1)r? — 2lercosf + 1? = 0.
This is the required equation of the auxiliary circle.

Note: In the case of parabola e = 1, the equation of the tangent to the
parabola l|r = cos(6 — 0) + 1.cosfO

at the vertex , which is the equation of the tangent to the parabola I|r =
1 + cos@ at the vertex(i.e. at the point 8 = 0)

2.9 THE POINT OF INTERSECTION OF TWO
TANGENTS

Suppose that equation of the conicis l|r = 1 + ecosf........... 1)
The equation of the tangents at the points « and £ are

llIr = cos(® — a) +ecosb ........ (2)

llIr = cos(® — B)+ecosb ....... 3)

Now we substract equation (3) from (2), for finding of the points of
intersection



cos(6 — a) —cos(6 — B) =0
cos(f@ — a) = cos(6 — B)
O—a)=+(6-8)

If we take the positive sign, we get « = B which is inadmissible. So, we
take negative sign, we get

®—a)=—-(0-p)or,8 =(a+ B)|2

Putting the value of 6 in equation (2) or (3), we get

Ur = cos ((a+ B)|2— a)+ecos (a + B)|2

= llr = cos ((a — B)|2) + ecos (a+ B)|2

If the point of intersection is (r', 8"), then we have
' =(a+ B)|2

and l|r' = cos ((a — B)|2) + ecos (a + B)|2

Note: In the case of parabola e = 1, the equation of the tangent to the
parabola

Ur' = cos ((a— P)|2) + cos (a+ B)|2
= 2cosal|2cosf|2
or, " = l|2seca|2secf|2and 8’ = (a + B)|2

2.10 DIRECTOR CIRCLE

The locus of the point of the intersection of two perpendicular tangents to
a conic, is called the director circle of the conic.

Suppose that equation of the conicis l|r = 1 + ecosf........... 1)

The director circle of the conic (1) is the locus of the point of intersection
of perpendicular tangents to the conic(1)

The equation of the tangents at the points « and £ are
llr = cos(® — a) +ecosB ........ (2)
llr = cos(® — B)+ecosB ........ (3) respectively

Now we substract equation (3) from (2), for finding of the points of
intersection

cos(6 — a) —cos(6 — B) =0
cos(f@ — a) = cos(60 — )
06— )= (60— p)

If we take the positive sign, we get « = S which is inadmissible. So, we
take negative sign, we get

B®—a)=—-(6—-p)or,0 =(a+ p)|2
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Putting the value of 6 in equation (2) or (3), we get
Ur = cos ((a+ B)|2— a)+ecos (a + B)|2
= llr = cos ((a — B)|2) + ecos (a+ B)|2

If the point of intersection is (r',8"), of the tangents (2) and (3) then we
have

0' = (a+ B2
and l|r' = cos ((a¢ — B)|2) + ecos (a + B)]2.....(4)

Changing the equation (2) of the tangent at the point a to Cartesian form,
we have | = (cosa + e)x + sina y

Therefore the slope of the tangent (2) is

my; = —(cosa + e)|sina

Similarly, the slope of the tangent (3) is

m, = —(cosf + e)|sinB.

Since the tangents are perpendicular so, mym, = —1
Or, [-(cosa + e)|sina][—(cos B + e)|sinB] = —1
Or, (cosacosP + sinasinB) + e(cosa + cosB) + e? = 0
Or,cos(a — B) + 2e cos((a + B)|2)cos((a — B)|2) + e?

From (4), we have
6" = (a+ p)I2

and l|r' — ecos®’ = cos ((@ = B)]2).......... (6)
Eliminating « and g with the help of (5) and (6), we have
2(l)r" — ecos8)?- 1+ 2ecosf'.(l|r' — ecosf’) + e? =0
Or, (1 —e®)r'? + 2ler'cos8’ — 21> =0
Therefore, the locus of the point (7', 8") is

(1 —e®)r? + 2lercosd — 21> =0
which is the required equation of the director circle.

Note: In the case of parabola e = 1, the equation of the director circle to
the parabola becomes

2lrcos® — 12 = 0 or, l|r = cos@
which is the equation of the directrix of the parabola

lilr =1+ cos®6.
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Hence in the case of a parabola the locus of the point of intersection of
perpendicular tangents is the directrix of the parabola.

Example 13: Show that the locus of the feet of perpendiculars from the
focus S of a conic on chords subtending a constant angle 2y at S is the
circle whose polar equation referred to S as pole is r%(e? — sec?y) —
2lercosf + 12 =0

where 21 is the latus rectum and e is the eccentricity of the conic.

Solution: Suppose that equation of the conic whose focus S as the pole be
llr =14cosé. .........(2)

Let PQ be the chord of (1) subtending an angle 2y at the focus S. Let
(a—vy) and (a+ y) be the vectorial angle of the extremities of the
chord

PQ. Then the equation of the chord PQ is

llr = ecosB + secy cos(0 — ) ...... (2)

or,llr = ecosf + secy cos6 cosa + secy sina sinf
Or, Il = (e + secy cosa)rcosf + (sec ysina )rsiné.....(3)

Equation of the perpendicular drawn from the focus S(pole as origin) to
the line (3) is

0 = (e + secy cosa)rsinf — (sec ysina )rcosf
Or, —esinf = secysin(f — «a)..... (4)

The foot of the perpendicular drawn from the focus Sto the chord (2) is the
point of the intersection of the lines (2) and (4)

The equation (2) can be written as

(l|lr — ecos@) = secycos(f — ) ...... (5)
Squaring and adding equation (4) and (5), we get
(esinB)? + (l|r — ecosB)? = sec?y)

Or, e? + 12|r? — 2le|rcosd = sec®y
Or, r%(e? —sec?y ) — 2lercosf + 12 = 0.

Which is the required locus.

Check your proqgress

(1) If A, B,C be any three points on a parabola, and the tangents at
these pointsform a triangleA’B’'C’. Show that SA.SB.SC =
SA'.SB’.SC’, S being the focus of the parabola.

(2) Find the equation of thwe circle circumscribing the triangle formed

UGMM-102/59



UGMM-102/60

3)

(4)

()

(6)

()

(8)

by tangents at three given points of a parabola.

Prove that the centres of the four circles circumscribing the four
triangles formed by the four tangents drawn to a parabola at points
whose vectorial angles are a,,y,6 lie on another circle which
passes through the focus of the parabola.

P, Q Rare three points on the conic l|r = 1 + cos6. The focus S
being the pole. The tangent at Q meets SP and SR in M and S so
that SM = SN = 1. Prove that the chordPR touches the conic
llr =1+ 2ecosb.

If the tangents at any two points P and Q of a conic meet in a point
Tand if the chord PQ meets the directrix corresponding to S in a
point K, prove that the angle KST is a right angle.

Show that three normals can be drawn from a point (p,¢) to a
parabola.

Find the condition that the line l|r = Acosf + Bsinf may be a
tangent to the conic l|r = 1 + ecos6.

Prove that the line I|r = cos(0 — )+ ecos(8 — y) is the
thangent to the conic [|r = 1+ ecos(8 — y) at the point for which
0= a.

Summary

1)

The general equation of the second degree is
axz+by2+2hxy+2gx+2fy+c = 0........ 1)

Leta # 0and b # 0, then equation (1) is written as
a(x® + 2gx|a + (gla)®>) + b(y* + 2fylb + (f|b)?) —
(gla)®) = (fIb)*+ c = 0

Or, a(x +gla)> + b(y + fIb)* = (gla)*) + (fIb)* - ¢ =
K (say)

Sifting the origin to (—g|a, —f|b), then this equation becomes
ax? +by*=K.......... (2)

(i) If K = 0, the equation (2) becomes ax? + by? = 0 and this
represent a pair of straight lines. These straight lines are real
if a andb are of the opposite signs and these lines are
imaginary if a and b are of the same sign.

(i) If K # 0, the equation (2) becomes x?|K|a + y?|K|b = 1.




@)

(3)

4)

()

(6)

If K|a and K|b are both positive, the equation (3) represents
an ellipse which becomes a circle if in addition to being
positive K|a and K|b are both equal.

Again the equation (3) represents a hyperbola if K|a and K|b
are of opposite signs. If K|a and K|b are both negative, the
equation (3) is said to represent an emaginary ellipse.

Case Il: If one of a or b is zero while other is not zero. If we take
a = 0and b # 0 the the equation (1) will be

by2+2hxy+2gx+2fy+c = 0
or, (y + f|1b)? = —(2g|b)x — c|b + (f|b)? ............. 4)

If g = 0, then equation (4) represents two parallel straight lines,
which are coincident if 2 — bc also is zero.

If g # 0, the equation (4) can be written as

O+ f1b)? = —(2g|b)[x + c|2g + f? |2bg]

Shifting the origin to (f?|2bg — c|2g,—f|b), this equation
becomes y? = —(2g|b)x which represents a parabola. Hence in
each case the general equation of second degree represents a conic
section.

If the equation of the conic is [|r = 1+ e cos (0), then the
equation of the tangent at ‘a’ is l|r = cos (6 — a) + ecos (0)

If the equation of the conicis l|r = 1+ e cos (6 — 6,), then the
equation of the tangent at ‘a’ is l|r = cos (0 — a) + ecos (0 —
61)

Note 2: The equation of the tangent for the conic Iljr = 1+

ecos (6 —y) at the point "a" is llr = cos(®6 — a) +
ecos( 6 — y).
Note 3: The slope of the tangent (1) is (e + cosa)|sina.

The equation of the normal at the point whose vectorial angle is a
is elsina| (1 + ecosa)r = sin(6 — a) + e sinb

The equation of the asymptotes of the conic l|r = 1 + ecos0, are

the straight lines l|jr = —I|r = ({J(e? —1)|e) (Ve? — 1cosf +
sin 9).

The polar of the point (ry 6,) of the conic l|r = 1 + ecos8 is
(l|r — ecosB)(l|r, — ecos 6;) = cos(6 — 6;)

Remark:1. The pole of a line is the point of the intersection of
the tangents at its extremities.

2. The polar of a point with respect to a given conic is the same
as the chord of the contact of the tangents drawn from the
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point to the conic, but here the point must lie outside the
conic.

The locus of the foot of the perpendicular from the focus on

any tangent to a conic (ellipse or hyperbola) is a circle, called

the auxiliary circle of the conic. The required equation of the

auxiliary circle of the conic I|r=14ecosf is
(e? — 1)r? — 2lercos8 + 1% = 0.

(7) The equation of the director circle is the locus of the point (r’,6") on
the conic l|r = 1 + ecosf is (1 — e?)r? + 2lercos — 21> =0
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Unit-3

Unit-4

Unit-5

Geometry of 3 Dimension : Strainght line and plane, direction
cosines and direction numbers, distance of a point from a line,
various form of the equation of a plane, plane passing through
three given points, angle between two lines and two planes,
distance of a point from a plane, equation of line of intersection
of two planes, intersection of line and plane-coplanar lines
shortest distance between two skew lines.

Sphere : Equation of a sphere, Intersection of sphere and planes,
Intersection of two sphere. Sphere passing through a circle,
Inersection of a straight line and a sphere. Tangent planes, Polar
planes, Plane of contact. Power of a point. Radical planes,
Radical lines, Co-axel system of a sphere. Orthogonal system of
sphere.

Cylinder : Equation of a cylinder with given base, Cylinder with
given Axis parallel to co-ordinate axes. Enveloping cylinders,
Right circular cylinder. Ruled surfaces, generating lines of a
hyperboloid of one sheet and their simple properties.
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UNIT-3 GEOMETRY OF 3 DIMENSION

Structure

3.1.1. Introduction

3.1.2. Objectives

3.1.3. Coordinates of a point in space

3.1.4. Direction cosines of a line

3.1.5. Direction cosines of the lines joining two given points
3.1.6. Projection of a line segment

3.1.7. Plane

3.1..8. General equation of a plane

3.1.9. Equation of a plane in intercept form

3.1.10. General equation of a plane through a given point and
perpendicular to a given line

3.1.11. Equation of a plane through three points

3.1.12. Angle between two planes

3.1.13. Perpendicular distance of a point from the plane
3.1.14. A plane through the intersection of two planes
3.1.15. Equation of a straight line in general form
3.1.16. Equation of a straight line in symmetrical form

3.1.17. Equation of a straight line passing through two given
points

3.1.18. General equation of the straight line in symmetrical
form

3.1.19. Condition for parallelism of a line and a plane
3.1.20. Condition for perpendicular of a line and a plane
3.1.21. condition for a line to lie in a plane

3.1.22. Equation of a plane through a given line (symmetrical
form)
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3.1.23. Equation of a plane through a given line and parallel to
an another line.

3.1.24. Foot of perpendicular and length of perpendicular from
a point to a line.

3.1.25. coplanar lines

3.1.26. condition for the two lines to intersect(in symmetrical
form)

3.1.27. condition for the two lines to intersect(in general form)

3.1.28. Equation of a straight line intersecting the two given (in
symmetrical form)

3.1.29. Perpendicular distance of a point from a line and the
coordinates of the foot of perpendicular.

3.1.30. To find the coordinates of the foot of the perpendicular

3.1.31. The shortest distance between any two non intersecting
lines

3.1.32. Length and equation of the line of shortest distance

3.1.1 INTRODUCTION

In this unit, our aim is to re-acquaint with some essential elements
of three dimensional geometry. The French philosopher mathematician
Rene Descartes (1596--1650) was the first to realize that geometrical
ideas can be translated into algebraic relations. The combination of
Algebra and Plane Geometry came to be known as Coordinate Geometry
or Analytical Geometry. A basic necessity for the study of Coordinate
Geometry is thus, the introduction of a coordinate system and to define
coordinates in the concerned space. We will briefly touch upon the
distance formula and various ways of representing a plane and straight
line algebraically. Next, we will talk about symmetry with respect to
origin or a coordinate axis. Finally, we shall consider some ways in which
a coordinate system can be transformed. This collection of topics may
seem random to us .

We have read about planes and lines, angles and
rectilinear figures in geometry. Recall that a line is the join
of two points in a plane continuing endlessly in both
directions .We have also seen that graphs of linear
equations,which came out to be straight lines. Interestingly
,there are problems of the above is finding the equations of
straight lines  ,under different conditions in a
plane. The Analytical Geometry, more commonly called Coordinate



Geomatry, comes to our help in this regard.

Inthis unit we shall find equations of a straight Lines and
planes in different forms and try to solve the problem
based on those.

3.1.2 OBJECTIVES

After studying this unit you should be able to find:

1.
2.
3.

10.

11.

12.
13.
14.
15.

Direction ratios and direction cosines of a line
Equation of a plane in different forms

Angle between two planes and condition for parallelism and
perpendicular

Equation of a straight line in general form\ symmetrical form
Condition for parallelism\perpendicular of a line and a plane.

Equation of a plane through a given line (symmetrical
form\general form) 7. Foot of perpendicular and length of
perpendicular from a point to a line.

coplanar lines

condition for the two lines to intersect(in symmetrical form\general
form).

Equation of a straight line intersecting the two given (in
symmetrical form).

Perpendicular distance of a point from a line and the coordinates of
the foot of perpendicular.

To find the coordinates of the foot of the perpendicular
The shortest distance between any two non intersecting lines.
Length and equation of the line of shortest distance.

The equation of the shortest distance.

3.1.3 COORDINATES OF A POINT IN SPACE

To fix the position of a point in space we required three concurrent

lines which are not coplanar. Let X'0X,Y'0Y and Z'0Z be such straight
lines whose positive directions are X'0X,Y'0 and Z'0OZ. Let P be a point
in space and let planes parallel to the planes YOZ, ZOX and XOY be
drawn through P to meet the lines X'X, Y'Y and Z'Zin A, B and C, then
position of P is Known when the segments OA, OB, OC are given in
magnitude and sign. If 0A = x, 0B = y and OC = z we say that (x,y, z)
are the Cartesian coordinates of P.
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The linesX'0X,Y'0Y and Z'0Z are called the coordinate axes and the
planes YOZ,Z0X and X0Y are coordinate planes. The point O is called
the origin.

3.1.4 DIRECTION COSINES OF A LINE

Let AB be a given straight line. We draw a line through O parallel to AB.
The angles which AB makes with the coordinate axes are the same as
those made by the parallel straight line. Denoting these angles by
a, f and y we say that cosa, cosf and cosy are the direction cosines of
AB. The direction cosines of a line are usually denoted by the letters
[,m and n.

v



Note: Quantities proportional to direction cosines of a given line are called
direction ratios.

Theorem: If direction cosines of a given line arel,m and n then % +
m? +n?=1.

Proof: Letl,mand n be the direction cosines of a given line. The
direction cosines of OP which is drawn parallel to the given line are
[,mandn. We draw PA perpendicular to 0X. If (x,y,z) be the
coordinates of P, then OA = «x.

Let OP = r, and the angle POA be «a, then from the right angled triangle
AOP,

AO|OP = cosa thatisx|r = [,or,x = lIr.

Similarly, y = mr,and z = nr.

Now we squaring and adding them,
x2+y%+z2 = r?2(I> + m* + n?).

Since, x2 + y? + z% = r2,

Therefore, 1> + m? + n? = 1.

3.1.5 DIRECTION COSINES OF THE LINES JOINING
TWO GIVEN POINTS

Let P(xq,y41, z;) and Q(xy,V,,2,) be two points in the space. Let
PQ = r,thenr? = (x; —x)* + (y2 —y1)* + (22— z1)°.

Transferring the origin to P, the axes remaining parallel to original axes,
the coordinates of Q are (x, — xq, Vo, — V1,2, — z1). If [,m,n be the
direction cosines of PQ, we have from the preceding, (x, — xq|r =
[, y, — y1)|lr = m,and (z, — z;)|r = n. The direction cosines of the
given line are thus proportional to the quantities x, — x1, Y2 — ¥1,22 —
7,4, their actual values being

(x2 — x|, (v2 — ylrand (z; — z)|r.

Examplel: Show that the points (1,2,3),(2,1,3) and (3,1,2) are the
vertices of an equilateral triangle.

Solution: Let A(1,2,3),B(2,1,3)and C(3,1,2) be the given points.
Therefore, the distances are

AB=J(2-1)2+B-2)2+(1-3)2=+6

BC=(B-22+(1-324+2-1)2=+6
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And

CA={(B-1)2+(2-3)2+(1-2)2=V6
We can find that AB = BC = CA. Hence, the triangle ABC is equilateral.

Example2: Find the ratio in which A(—2,4,5) and B(3, -5, 4) is divided
by YZ — plane.

Solution: Suppose that r:1 be the ratio in which YZ- plane divides the line
joining A(—2,4,5) and B(3, -5, 4), the point of division

P=[@Br=-2)|r+1,(=5r+4)|r+1,4r+5)|r+1],

But the point P lies on YZ- plane. Therefore, the X — co-ordinate
(3r —2)|r+ 1 = 0.thatis (3r — 2) = 0, therefore, r = 2|3.

Therefore, the ratio is 2: 3 internally.

Example3: Find the direction cosines of the line joining the points
(1,2,-3) and (2,3, 1).

Solution: The directional cosines are proportional to —2 —-1,3 —2,1 —
(—3) that is —3, 1, 4. The actual direction cosines of the given line are

—3VI9+1+16 1V9+1+16 49+ 1+ 16

Thatis, —3|v26, 1|v/26, 4|v/26.

3.1.6 PROJECTION OF A LINE SEGMENT

The projection of a given line AB on an another line CD is the segment
A'B" of CD where A" and B' are projections of A and B on CD.

Note :

1.  To find the projection of AB on , we draw planes through points A
and B which are perpendicular to CD intersecting CD in A'and B'.
If 6 is the angle between AB and CD, the length A'B’ of the
projection is obviously ABcosé.

2. In determine the projection of one line on another line we must be
taken regarding the sense of rotation.

3.  For an actual angle of the projection is positive or negative
according as the rotation is counter- clockwise or clockwise.

Angle between two lines: Suppose that [, m, n, and l', m’,n’ be the
direction cosines of two lines AB and CD. We want to find the
angle between AB and CD in terms of their direction cosines.



We draw OP and 0Q parallel to AB and CD respectively. Suppose
angle between OP and 0Q is 8 which is same as the angle between
AB and CD.The direction cosines of OP and 0Q are
[,m,nand l',m',n' respectively.

Let the coordinates of P and Q be (x,y,z) and (x',y’,z"). If
0Q = r’, the projection of OQ on OP is r'cosf which is equal to
Ix" + my' + nz'. Therefore,

r'cosd = Ix' + my' +nz'
or, cosf = I(x'|r") + m'|r") + n(z'|r")

=ll' + mm' +nn'.

3.1.7 PLANE

A plane is a surface such that every straight line joining any two points on
it lies wholly on it

Normal to a plane: A straight line which is perpendicular to every line
lying in a plane is called a normal to that plane. It is also called a line
perpendicular to that plane. All the normal to a plane are parallel lines.

Equation of a plane in general form: Equation of plane in normal form
IS xcosa + ycosf + zcosy = p

Hence, if [, m,n be the direction cosines of the normal to a plane directed
from the origin to the plane and p be the length of the perpendicular from
the originto the plane, then the equation of the plane is Ix + my +
nz = p.

This is known as the equation of a plane in normal form.

3.1.8 GENERAL EQUATION OF A PLANE

The general equation of a plane is ax + by + cz + d = 0.
That is every equation ax + by + cz + d = 0 of first degree in x,y, z
always represents a plane and the coefficients a,b,c of x,y,z in this
equation are direction ratios of normal to this plane.

The number of arbitrary constants in the general equation of the plane
ax + by + cz +d = Oor,

aldx + b|dy + c|dz = — 1. This equation show that there are three
arbitrary constants namely ald, b|d,c|d in the equation of a plane.
Therefore, the equation of a plane can be determined to satisfy the three
conditions, each condition giving us the value of a constant.

Note: The equation of any plane passing through the origin is

ax + by + cz = 0
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To reduce the general equation of the plane in normal form: Suppose that
the general equation of a plane is

ax + by + cz+d =0..... (D

If [,m,nare the direction cosines of the normal to the plane, then the
equation of the plane in the normal form is

Ix +my + nz =p......(2)

If (1) and (2) represent the same plane, then

lla = mlb = nlc = p|l—d = i\/(l2+m2+n2)|\/(a2+b2+cz)

= +1|+/(a%+ b2+ c?)

Where the same sign either positive or negative is to be chosen
throughout.

| =+al|+/(a?+b2+c2), m =1b|./(a®+ b2 + c?)

n=xtc|+/(a?+b%+c2),p==d|(a%+b%+c?)

Substituting these values in equation (2), the normal form of the plane (1)
is given by

tax |/(a? + b2+ c2) by |/(a? + b2+ c2) +cz|+/(a®+ b% + c?)
=+d|/(@2+ b2 +c?)....... (3)

The sign of the equation (3) is so chosen that p is +d | /(a? + b% + c2)
is always positive.

3.1.9 EQUATION OF A PLANE IN INTERCEPT FORM

0 B

N

Let O be the origin and let the plane meet the coordinate axes at the points
A, B, C respectively such that 0A = a,0B = band OC = c with proper
signs. Therefore the coordinates of the points A,B,C are
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A(a,0,0),B(0,b,0) and C(0,0,c). Let the equation of the plane be
Ax + By + Cz + D = 0 ..... (D)

Where D # 0 because the plane does not pass through the origin
(0,0, 0). Since the plane (1) passes through the points A(a, 0, 0), B(0, b,
0) and C(0, O, c¢) therefore, A = —D|a,B = —D|b and C = —D]c.
Putting the values of 4, B, C in (1), then the required equation of the plane
IS

(-Dla)yx + (—=D|b)y + (—D|c)z + D = 0
(—1la) x + (—1|b)y +(-1lc)z+ 1= 0
xla + ylb + z|lc = 1

This is a equation of a plane in intercept form.

Note: The equation of xy — plane is z = 0. The equation of xz — plane is
y = 0. The equation of yz — planeisx = 0.

3.1.10 GENERAL EQUATION OF A PLANE THROUGH
A GIVEN POINT AND PERPENDICULAR TO A
GIVEN LINE

Suppose the coordinates of a point P(x,y,z) on the plane. If the
plane passes through the point A(x4,y1,2; ), the line AP whose direction
ratios are

X — Xx1,Y - V1,Z — z; lies in the plane. The direction ratios are

X — Xx1,Y - V1,Z — z, normal to the plane whose direction ratios are a,
b, ¢. So, a(x— x))+ b(y-y)+c(z— z)= Owhich is the
required equation of the plane.

Remark: The equation of any plane passing through the origin is

ax + by + cz =0, in which the coefficients of x,y,z i. e. a,b,care
direction ratios of the normal to the plane.

3.1.11 EQUATION OF A PLANE THROUGH THREE
POINTS

Suppose the general equation of the plane is ax + by + cz +

Since it passes through three points A(xy, y4, z1),
B(x3,Y2,2,) and C(x3,¥3,23). SO, we have
ax; +by, +cz;+d=0........... (2)

ax, + by, +cz, +d =0........... 3)
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axz +by; +cz3+d=0.......... 4)

Eliminating a, b, c and d from the above equations (1), (2), (3) and (4)
the equation of the plane is given by

Note :

9.

x y z 1
[ x1 yl Zl 1] = 0
Xo V2 Zp 1

X3 Y3 z3 1

The equation yz — planeis x = 0.
The equation of xz — planeis y = 0.

The equation of z — coordinate of which each point lying on the
xy —planeis z = 0.

The equation of the plane parallel to the yz — plane and at a
distance ‘a’ from it. The x — coordinate of each point on this plane
is equal to ‘a’. Hence the equation of the required plane is given by
X = a

The equation of the plane parallel to the xz — plane and at a
distance ‘b’ from it. The y — coordinate of each point on this plane
is equal to ‘b’. Hence the equation of the required plane is given by
y = b.

The equation of the plane parallel to the xy — plane and at a
distance ‘c’ from it. The z — coordinate of each point on this plane
is equal to ‘c’. Hence the equation of the required plane is given by
Z =20

Equation of the plane parallel x — axis will be by + cz + d =
0.

Equation of the plane parallel y — axis will be ax + cz + d =
0.

Equation of the plane parallel z — axis will be ax + by + d = 0.

3.1.12 ANGLE BETWEEN TWO PLANES

The angle between two planes is defined as the angle between their

normals drawn from any point to the planes. Suppose that equations of
two planes be

a;x + by + ciz +d; = 0.......... 1)

ax + b,y + c;z +d, = 0.......... (2)



The direction ratios of the normal to the plane (1) are a4, by, c;and
the direction ratios of the normal to the plane (2) are a,, by, c,. If 8 is
the angle between the planes (1) and (2) then 6 be the angle between the
normals whose direction ratios are a,, by, ¢; and a,, b,, c,.

COSQ = (a1a2 + b1b2 + C1C2)|\/a12 + b12 + Clz \/azz + bzz + sz

For the acute angle between the two planes, cos6 is positive and for the
obtuse angle it is negative. The numerical value of cos@ in both these
cases is the same because, cos(m — 6) = cos6 .

Note:

1. If the two planes are perpendicular, means their normals are
perpendicular then

I'+mm' +nn’ =0.
In the case of direction ratios of the planes,
(a1a2 + b1b2 + C1C2) = 0

2. If the two planes are parallel means their normals are parallel then
I[|lI'= m|m' = n|n'.

In the case of direction ratios of the planes,
(ailaz = by|b; = c4|c3)
Remark: The equation of any plane parallel to the plane

ax+by+cz+d=0isax+by+cz+1=0

3.1.13 PERPENDICULAR DISTANCE OF A POINT
FROM THE PLANE

Suppose the equation of a plane is ax+by+cz+d=

Suppose there is a point A(xy,y4,2z;). To find the length of the
perpendicular from the point A(x4, y4,z;) to the plane (1) is

+(ax; + by, + cz; + d)| / (a? + b? + c2)

Since the perpendicular distance of a point from the plane is always
positive, therefore a positive or negative sign is to be attached before the
radical according as ax; + by, + cz; + d is positive or negative i. e.
according as the point A(xq,y4,2;) lies on the same side or on the
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opposite side of the equation of the plane and thus p = |(ax; + by, +
cz, + d)|| /(a? + b? + c?)

Notel: If the equation of the plane is in the normal form

Ix + my + nz —p = 0, the length p, of the perpendicular from the point
A(x1,Y1,21) 1o the plane is given by

p1 = lx; + my; + nz; —p,

For, inthe case of VI2 + m? + n?2 =1

Note2: For the distance between two parallel planes we find the
perpendicular lengths of each planes from the origin and retain their signs.
The algebraic difference of these two perpendicular distances is the
distance between the given parallel planes. But while applying this method
we should be careful that the coefficients of x in the two equations of the
planes are of the same sign.

Example4: Find the perpendicular distance from the origin to the plane
2x + y + 2z = 3. Also find the direction cosines of the normal to the
plane.

Solution : The equation of the plane is 2x + y + 2z = 3.

To reduce it into normal form by dividing it by V4 + 1 + 4 =9 =
3, we get §x+% y+§z:1 Hence the perpendicular distance of the plane

from the origin is 1and direction cosines of the normal to the plane are
212

33’3

Example5 : The coordinates of a point A are (2,3, —5). Determine the
equation to the plane through A at right angles to the line OA, where O is
the origin.

Solution : Here the plane passes through the point A(2,3,—5)and it is
perpendicular to the line OA. i.e. the line OA is normal to the plane.

The direction ratios of the line 04is2—-0,3—-0,—-5—-0i.e.2,3,—5

The plane passes through the point (2,3, —5) so the equation of the plane
is2x—2)+3(y —3) =5(z+5) =0

or 2x + 3y-5z— 38 = 0.

Example6 : Find the intercepts made on the coordinate axes by the plane
x-3y +2z=9



Solution: The equation of the given plane is x- 3y + 2z = 9 we
divide each term by 9 on both sides we have

x|9 + y| —3 + z| (—9]2) = 1. So, the intercept on x-axis is 9,
the intercept on y-axis is —3 and the intercept on z-axis is —9|2.

Example7: Find the equation of a plane passing through three points
A(0,-1,-1),B(4,5,1) and C(3,9,4).

Solution: Equation of a plane passing through A is
ax—0) +by+1) +c(z+1) =0
ax+b(y+ 1) +c(z+1) =0........ 1)

Also the plane (1) passes through the points B(4,5,1) and €(3,9,4), then
we have

ad+b(5+ 1) +c(1+1) =0
4a + 6b + 2¢ = 0.......... (2)

a3+b(9+ D+ c4 +1)=0

3a + 10b + 5¢ = 0o v e e e . (3)

Now solving the equation (2)and (3), we get
al(30-20)=b|(6—20)= c|(40—18) = A
=a = 104, b = =141 ,c = 221
Putting the values of a, b, ¢ in equation of the plane the we have
10AX+(=140) (y + 1) +224(z + 1) = 0
10x - 14(y +1) + 22(z +1) = 0
5 =7y + 11z + 4 = 0.

Example8: Find the angle between the planes 2x-y + z = 7 and
x+y+ 2z =0.

Solution: Suppose the angle between the planes be 8 means 6 be the
angle between their normals whose direction ratios are 2,—1,1and 1,1, 2

cos6 = [()(D) + (D@D + (D] (22 + (-1)% + 1?)
J(A%+ (1% + 22) = 3|Veve =36 =1]2.
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or, 8 = n|3.

Hence, the acute angle between the given planes is 8 = m|3.

3.14 A PLANE THROUGH THE
INTERSECTION OF TWO PLANES

Suppose that equation of two planes be
P=ax+ by +cz+d =0..... 1)
Q= ax + by +c,z+d, =0.......... 2
Then P + AQ = 0, represents a plane where A is a parameter.
P + AQ = 0 means
ax + by + ciz + dyy Alayx + by + ¢,z +dy,)=0
= (g +1a)x + (by+ Aby))y+ (c;1+ Acy)z+
(di+ Ady)=0........... 3)
Equation (3) is of first degree in x, y, z S0, it is an equation of a plane.

Remark 1: The axis of x is the line of intersection of the planes y = 0
and z = 0. So, the equation of any plane passing through x-axis is
y + Az = 0 where 1 is a parameter, similarly any plane passing through
y-axis is z + Ax = 0 and any plane passing through z-axis is y +
Ax = 0 respectively.

Remark 2: A line is parallel to the plane: If the given line (x — a )|l =
(y — B)Im = (z— y)|nis parallel to the plane ax + by + cz + d =
0 , then the line is parallel to the normal to the plane. So, we have
al + bm + cn =0

Remark 3: A line is perpendicular to the plane: If the given line
(x —a)|ll=( — B)lm=(z— y)|nis perpendicular to the plane
ax + by + cz + d = 0, then the line is parallel to the normal to the
plane. So, we have a|l = blm = c|n

Example 9: Find the equation of the plane through the line of intersection

of the planes x + 2y +3z+5=0x-3y+z+6 =0 and
passes through the origin.

Solution : The equation of the plane through the line of intersection of the
planes (x + 2y + 3z + 5)+ A(x-3y + z + 6) = 0.

Since it passes through the origin (0,0,0) then we get 5 + 6 1 =
0i.e.1 = —5|6. Therefore the required equation of the plane is

(x + 2y +3z+5)—=5|6(x-3y +z+ 6) =0.
6(x +2y +3z+5)-5x-3y+z+6)=0



x + 27y + 13z = 0.

10.

11.

12.

13.

14.

Check your progress

Reduce the equation of the plane x + 2y - 2z-9 = 0 to the
normal form and hence to find the length of the perpendicular
drawn from the origin to the given plane.

O is the origin and A(a, b, c¢) is the point. Find the equation of the
plane through A and right angle to OA.

Find the equation of the plane perpendicular to the line
segment from A(—3,3,2) to B(9,5,4) at the middle point of the
segment.

Find the intercepts made on the coordinates axes by the plane
x—+2y-2z = 9.

A plane meets the coordinate axes in A, B, C such that the centroid
of the triangle ABC is the point (p, g, 7). Show that the equation of
the planeisx|p + y|q + z|r = 3.

Find the equation of the plane passing through the point
(1,2,1) and perpendicular to the line joining the points (1,4, 2)
and (2,3,5). Also find the perpendicular distance of the origin
from the plane.

Find the equation of the plane passing through the points (2, 2, -
1), (3,4,2)and (7,0,6).

Show that the four points (0,—1,—-1),(4,5,1)(3,9,4) and
(—4,4,4) are coplanar.

Find the equation of the plane which is horizontal and passes
through the point (1, -2, -5).

Find the equation of the plane through the points (1,—2,2) and
(—=3,1,—2) and perpendicular to the plane x + 2y - 3z = 5.

Find the equation of the plane through the point (1,1,—1) and
perpendicular to the planes x + 2y + 3z-7 = 0 and
2x-3y + 4z = 0.

Find the equation of the plane through the point (1,3,2) and
parallel to the plane 3x — 2y + 2z + 33 = 0.

Find the distance between the parallel planes 2x - y + 3z — 4 =
Oand6x- 3y + 9z + 13 = 0.

Find the locus of a point, the sum of the squares of whose distances
from the planes x + y + z = 0,x-y = 0,x + y-2z = 0
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is 7.

15. Find the equation of the plane through the line of intersection of

the planes x + 2y-3z —6 = 0 and4x + 3y- 2z —2 =
0 and passing through the origin.

16. Find the equation of the plane through the line of intersection of
the planes 3x — 5y +4z+11 = 0 and2x—7y+4z —3 =
0 and passing through the point (-2, 1, 3).

17. Find the equation of the plane through the line of intersection of
the planes ax + by+cz+d =0 andax + fy+yz+46 =
0 and parallel to x — axis.

18. Prove that the equation x> + 4y? + 4xy — z? = 0 represents a
pair of planes and find the angle between them.

3.1.15 EQUATION OF A STRAIGHT LINE (GENERAL
FORM)

Every equation of the first degree in x, y, z represents a plane. Also, as two
planes intersect in a line, therefore the two equations together represent
that line. Thus

ax +by+cz+d=0and a'x+b'y+c'z+d = 0 represent a straight
line.

3.116 EQUATION OF A STRAIGHT LINE |IN
SYMMETRICAL FORM

Equation of a straight line passing through a given point A(a, 8,y) and
having direction cosines [, m, n. Suppose P(x,y, z) be any point on a line
such that AP = r. Now projection of AP on the Xx- axis,

A(a, B,Y) P(x,y,2)

we have x —a = Ir, or,(x — a)|l = r. Similarly projections of AP on
y —axis and z —axis, we have (y—pfB)m=r and (z—y)n=r,
therefore



x—a)|l=@-pIm=(z-y)n
This is equation of the straight line in the symmetrical form.
Note:

1. Equation of a straight line passing through a given point A(«, 5,7)
and having direction cosines proportional to a, b, c is

(x—ala=W-BIb=(z-y)lc.
2. If any point P(x, y, z) on this line then
x—a)ll=@—-BIm=(z-y)n=r(say) is

(a+lr,B +mr,y + nr). It should be noted here that r is not the
actual distance of any point P(x,y,z) on the line from the given

point A(a, B, ).

3.1.17 EQUATION OF A STRAIGHT LINE PASSING
THROUGH TWO GIVEN POINTS P(xy,¥1,2;)

AND Q(x3,¥2,23)

The direction cosines of the line will be proportional to x; —
X2,V1 — Y2, Z1 — Z» and it passes through P (xy, y1, z1) will be

A(x1,Y1,21)  B(x2 ¥2,23) P(x,Y,2)

x—x) o —x) = =y —y1) = (2 —2) (22 — 21)

If the equation of two lines are (x— x;)|la; =y — y)|b =
(z = zy)lepand (x — xy)la; = (v — ylbz = (2 = z1)lc,.

Here, we see that the direction ratio of both lines are a4, by,c; and
a,, b,, c, respectively, therefore,

cost = (a,a; + byb, + C1c2)|Ja12 + by +¢;? \/azz + by” + c)?

Note :
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1. If the lines are perpendicular then

II'+mm'+nn' =0.

In the case of direction ratio, ( a;a, + b1b, + ¢,c;) = 0.
2. Ifthe lines are parallel then [|I' = m|m' = n|n',

In the case of direction ratio, (a,|a, = by b, = c4/c;)

3. Equation of a line passing through a point (x;, y;, z;) and
direction ratio are a, b, c is

(x—x)la=@—ydlb= (z—- z)lc= 21
Therefore the general point on this line is
X =x1+Aa, y =y, + Abandz = z; + Ac.

4.  Equation of a line passing through two points A(x;, y;, z;) and
B(x2, ¥2, 22) s

(x— x|z —x) =@ — yII2—y1) = @ — z)|(z — z1).

Examplel0: Find the equation of a line passing through the point (1, 2, -3)
and its direction ratio are 2, 3, -4.

Solution: Equation of a line is
(x— xila= @ — y)lb= (z— z)lc.
So, equationis (x — 1|2 =y —-2)|3=(=z+3)| — 4.

Examplell: Find the coordinate of the point of intersection of the line
(x+ D1 = (y+3)|3 = (z— 2)|2 with the plane3x + 4y + 5z = 20.

Solution: Since equation of the line is
(x+D|1=Q+3)I3=(2-2)|2 =r (say)

that is coordinate of the point on the lineis (=1 +1r,—3 + 3r,2 + 2r). If
this point lies on the plane 3x + 4y + 5z = 20, then

3(r—1)+4@r—3)+ 5@2r+ 2) = 20.
25r =25)i.e.r=1
Putting the value of r, we get the coordinate of the point is (0, 0, 4).

Examplel2: Find the equation of a line passing through two points



A(l, -2, 1) and B(3, -2, 0).

Solution: Equation of a line passing through two points A(x;, V1, Z1)
and B(x,, y,, z,)is

(x— x|z =) = — ¥z —y1) = (2= z)(z2 — 7).

SO,(x=DIB-=1 = ¥ +2[(=2+2) = z—- D|(0-1)
x=DI2 = +2)]0 = (z-1|-1

Examplel3: Find the equation of a line passing through the point
(15,—7,—3) and parallel to the line
x=2)83=-DI1=(=-7I9
Solution: Equation of a line passing through the point (15,—7,—3) and
parallel to the line whose direction ratio are 3,1,9.So, the require_d

equation IS
(x—15)|13 = W+ 7|1 = (z+ 3)|9.

Examplel4: Find the distance of the point (2,3,4) from the point where
the line (x —3)|1 = (y —4)|2 = (z —5)|2 meets the plane

x+y+ z = 22

Solution: Any point on the above line is (3 + r,4+2r,5+2r). If it
also lieson the plane x + y + z = 22, then

347r+4+2r+5+4+2r = 22,0r5r=10. Therefore, r = 2.
Putting the value of r we get the required coordinates of the point as

(5, 8, 9). So, the required distance

=5 —2)2 + (8 — 3)2 + (9 — 4)2

= 9 + 25 + 25=+/59.

Examplel5: Show that the distance of the point of intersection of the line
x—=2)I3 =Ww+1D]4 = (z—2)|12.

And the plane x — y + z = 5 from the point (—1,—5,—10) is 13.
Solution: Equation of the given line are

x=-2)3=W+D4 = (2Z-2)[12=r(5ay)....c.ceevv....(1)

The coordinates of any point on the line (1) are
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(3r + 2,4r — 1,12r + 2). If this point lies on the plane
X-y+z =5, we have
3r+2-(4r—-1)+ 12r +2 = 5,or11r = 0,orr = 0.

Putting this value of r, the coordinates of the point of intersection of the
line (1) and the given plane are (2, -1, 2).

Thus the required distance = the distance between the points (2, -1, 2) and
(-1, -5, -10)

=J@2+1)2% + (-14 5)% +(2+ 10)?

=9 + 16 + 144 =+/169 = 13.

Examplel6: Find the points in which the line

(x+1)|-1 = (y—12)|5 = (z— 7)|2 cuts the surface 11x2? - 5y2 +
z2 =0

Solution: The equations of the given line are
x+D|-1=wW-12)I5=(CZ-7]2=7r(5ay).cceeveeeenn ()
The coordinates of any point on the line (1) are

(=r—=1,5r+12,2r+7). If this point lies on the given
surface 11x2 - 5y% + z? = 0, we have

11(=r — 1)2- 5(5r + 12)2 + (2r +7)% = 0, or
r2+5r+6=00r(r+2)r+3) =00r=-2-3

Putting this values of r in (—r — 1,5r + 12, 2r + 7) . The required points
are of intersection are (1,2,3) and (2,—3,1),

Examplel7: Find the image of the point (1, 3,4) in the plane 2x - y +
z+ 3 =0.

Solution: The given planeis2x-y + z + 3 = 0.............(1)

The direction ratios of the line perpendicular to the given plane are
2,—1,1.

Let Q be the image of the given point P(1, 3,4) in the plane (1), then the
line PQ is perpendicular to the plane (1). Equation of the line PQ passing
through P (1, 3,4) and perpendicular to the plane (1).



x-D2=w-3)|-1=0-D1=2......... (2)
Coordinates of the point Q which is on the line (2) be
CA+1,-A+3, 14+4) ... (3),
then the coordinates of the middle point N of PQ is
(A+1+ 1|2, (-A+3+3)|2,
(A+4+4)2)=A+1,-A12+3, 1|2+ 4).
But this point N lies on the plane (1).

CA+D+ (—2A2+3)+ (A2+4)+3)=0
or,30+6=0 i.e.A = —2.

Putting this value in (3), the coordinate of Q (image of P ) is in the given
plane is (—3,5, 2).

3.1.18 GENERAL EQUATION OF THE STRAIGHT
LINE IN SYMMETRICAL FORM

To transform the equations
ax +byy + cuz +d; = 0,a,x +byy + ¢z +d, = 0

of a straight line to the symmetrical form. For this we are required to write
the symmetrical form of the straight line given by the above equations (i).
for this we must know the direction cosines or direction ratios of the line
and (ii). The coordinates of a point on the line. To find these two we
proceed as follows:

Step(1): To find the direction cosines or direction ratios of the line given
by the above equation. Suppose I, m, n be the dirction cosines or direction
ratios of the line. Since the line common to the both planes, therefore, it is
perpendicular to the normals of both the planes.The direction ratios of the
normals to the planes given by a4, by, ¢; and a,, b,, c, respectively. Hence
we have

a;l +bym + ¢gn=0anda,l+b,m + c;n=0

So. we have,

U(bycz — byey) =m|(cia; — c2a1) = nf(ayh; — azby)
Therefore direction cosines of the line are

(bic; — bycy), (cra; — c2a4), (a1hby — azby).
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Step(2) : To find the coordinates of a point on the line given by the above
equations. We choose a point as the one where the line cuts the xy- plane
(i. e. z = 0), provided the line is not parallel to the plane z = 0,
provided (a,;b, — a,b,) # 0. Putting z = 0 in both equations of the
planes we get, a;x + b,y + dy = 0,a,x + b,y +d, = 0

Solving these equations for x, y we get
x|(bd; — bpdy) = yl(dia; — daaq) = 1|(a1h; — azby)

Hence, the coordinates of a point on the line, where it cuts the plane
z = Qare

((b1dy = bydy)|(aib, — azby), (dia; — dyaq)|(aib, — azby))

Hence the equation of a lie in the symmetrical form is
(x — (byd; — b2d1)|(a1b2 - a2b1))|(b1cz — bycy)

= (y — (dya; — dyay)l(a1b, — azby))|(cra; — craq)
= (z — 0)|(a1b, — azby).

Note: If (a;b, — a,b;) = 0, then instead of taking z = 0 we should
we take the point where the line cuts x = 0 planeor y = 0 plane.

Examplel8: Find the symmetrical form of the equations of the line

3x + 2y-z-4 = 0,4x + y- 2z +3 = 0.and find its direction
cosines.

Solution: The equations of the given line is
3x +2y-2z-4=04x +y-2z +3 =0............ (1)
Suppose I, m, n are the direction cosines of the line (1). Since the line is

common th the both planes, it is perpendicular to the normals to both the
planes. Hence we have

3l+2m-n =0,40l 4+ m-2n = 0.
Solving it we get,

(-4 + 1) = m|(-4 + 6) = n|(3-8)or,l|-3 =m|2 =
n|—5.

Therefore the direction ratios of the line (1) are —3,2, -5

The direction cosines [, m, n of the line (1) are given by

| = 3|+/38,m = 2|v38andn = —5]|+/38.



Now to find the coordinates of a point on the line given by (1), we find
the point where it meets the plane z = 0. Putting z = 0 in the given

equation 3x + 2y- 4 = 0,4x +y +3 = 0.
Solving these we get

x|(6+4) =y|(-16 -9) = 1|3 — 8)
or,x |10 = y| =25 = 1| =5

x = =2,y = 5.

The line meets the plane z = 0 in the point (=2, 5, 0) and direction ratios
as —3,2,-5.

Therefore the equations of the given line in symmetrical form are
x+2)-3=W—-5]2=(z-0)]| -5

Examplel9: Find the angle between the lines
x-2y+z=0x+ 2y + 2z =0and

x+ 2y +2z=03x +9y + 5z = 0.

Solution: suppose that a4, b;, c;be the direction ratios of the line of the
intersection of the planes x- 2y + z = 0, x + 2y + 2z = 0

Since this line lies in both planes, therefore it is perpendicular to the
normals of both these planes

al— 2b1 +C1 = Oanda1 + Zbl - 2C1 = O
Solving thesewe get a; |2 = b, |3 = ¢; | 4,
Therefore, the direction ratios of this line are 2, 3, 4.

suppose that a,, b,, c,be the direction ratios of the line of the intersection
of the planes x + 2y + 2z = 0,3x + 9y + 5z = 0

Since this line lies in both planes, therefore it is perpendicular to the
normals of both these planes

a2+ sz +2C2 = Oand 3a2 + 9b2+ 5C2 = O
Solving thesewe geta, |1 = b, |—-2 = ¢, |3,
therefore, the direction ratios of this line are 1, —2, 3.

If 6 be the angle between the given lines, then
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cosf = (2.1 +3.—-2 + 4.3) |[V22 + 32 + 42, /12 + (—2)2 + 32
= 8|V2914 = 8|+/406
S0, 0 = cos™ (8| V406)

3.1.19 CONDITION OF PARALLELISM OF A LINE AND A
PLANE

Suppose equation of a line is (x —a)|l = (y— B)lm = (z—
¥)|n. Suppose equation of a plane is ax + by + cz + d = 0. If the
line is parallel to the plane then this line must be perpendicular to the
normal to this plane, so,

al + bm + cn = 0. Again the point (a,f,y) should not lie on the
plane.i.e. aa + b +cy +d # 0.

Therefore, the required condition for parallel line to the given plane is
al + bm + cn = 0....oooiienil D
aax+bf+cy+d 0. @)

3.1.20 CONDITION FOR PERPENDICULAR OF A LINE
AND A PLANE

Suppose equation of a line is (x —a)|l = (y— B)lm = (z—
¥)|n. Suppose equation of a plane is ax + by + cz + d = 0. If the
line is perpendicular to the plane then this line must be parallel to the
normal to this plane, so,

all = blm = c|n

3.1.21 CONDITION FORALINETO LIE IN APLANE

Suppose equation of a line is (x —a)|l = (y— B)lm = (z—
y)|n. Suppose equation of a plane is ax + by + cz + d = 0. If the
line lies in the plane then for all values of r the point (a +71l, B+
rm,y + rn) will lie on the given plane. So, a(a +rl) + b(f +rm) +
cy+m) +d = 0.

r(al + bm + cn) + (aa + bB + cy +d) = 0 is true for all values of r.
Therefore, the coefficient of r = 0 and the constant term = 0.

(al + bm + cn) =0and (aa + b +cy +d) =0

3.1.22 EQUATION OF A PLANE THROUGH A GIVEN
LINE

Equation of the line is in the symmetrical form Equation of a plane
through the given line



-l =@=-BIm=>c-pIn is alx—a)+b(y—p)+
c(z—y)+d=0where (al + bm + cn) = 0.

The equations of the given line in symmetrical form are
x—a)|l=@G-RBHm=>0GCZ—-pYn. ..c.......... 1)

The equation of any plane through (a,B8,y) is a(x—a) +b(y—pB) +
c(z—y)=0.....(2)

If it passes through the given line, its normal is perpendicular to the given
linei.e. (al + bm + cn) =0.............. 3)

From equation (2) and (3), the equation of any plane through the given
lineisa(x—a)+b(y—pB)+c(z—y) =0,

where (al + bm + cn) = 0.

3.1.23 Equation of a plane through a given line and parallel to an
another line

The equation of the plane through the line
x—a)|l; = (y— B)Imy = (z—y)|n, and parallel to the line

Nl = @)m, = (2)In, is

x—a y—f z—-y
L my n, |[=0
L, m,; n;

Example20: Find the equation of a plane through the point (a’, 8’,y") and
through the line whose equation is

x-—a|ll = = Plm = (z=y)In.

Solution: The equations of the given line are
x—a)|l=@—-—BHm=>CZ-yY)n........ (1)
Equation of any plane through the line (1) is
a(x—a)+b(y—B)+c(z—y)=0............. 2

Where (al + bm + ¢cn) =0....ccecvvvnennnen, (3) UGMM.102/91
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If the plane (2) passes through the point (a’, 8',¥") then from (2)

a(a'—a)+b(B' —B)+c(y—=y)=0..ccccc.......(d)

Eliminating a, b, ¢ from (2), (4), (3), we get

x—a y—p z-y
a—a B —pB vy —y|=0whichisthe required equation.
l m n

Example21: Find the equation of a plane which contains the two parallel
lines (x+1DI3=Ww-2)12=((=)|1 and ((x-3)I13=(y+4)|2=
(z-—D1

Solution: The equations two parallel lines are
x+DI3=@G-2)12=@)|1............. (1)

and (x =3)13=W+D12=>Z—-D|1........... (2)
The equation of any plane through the line (1) is
alx+1)+b(y—2)+c(z) =0........ (3)
Where3a + 2b + c = 0..coceevvennne.(4)

The line (2) also lies on the plane (3) if the point (3, -4, 1) lying on the line
(2) also lies on the plane (3). Hence

a3+ 1) +b(-4-2)+c1=0
or,4a-6b + ¢c = 0 ........... (5)
Solving (4) and (5), we get a|8 = b|1 = c|— 26

Putting these proportional values of a, b, ¢ in (3) the required equation of
the planeis8(x + 1) + 1.(y — 2)- 26z = 0



or,8x + y-26z + 6 = 0.

Example22: Find the equation of a plane through the point (a',8’,y")
andtheline (x — a)|l=(y — B)lm= (z— y)|n.

Solution : Equation of any plane through the given line is a(x — a) +
by—B)+cz—y)=0..cc........ 1)

Where,al + bm + cn = 0............. 2
The plane (1) will pass through the point (a’, B’,y") if

ald—a)+ b —B)+cy/ —y)=0...c........ (3)

The equation of the required plane will be obtained by eliminating a, b, ¢
between the equations (1) (3) and (2). Hence eliminating the constants
a, b, c between the above equations, the equation of the required plane is
given by

x—a y—f z-y
a-a p'=f vy -y|=0
l m n

3.1.24  Foot of perpendicular and length of perpendicular from a
point to a line

(@ In symmetrical form: Suppose that equation of a line in
symmetrical form be

x—a)|l=@w—- BIm= (z— y)n=r(say)......... (D
The coordinate of any point N on the line is (a + Ir,f + mr,y +
nr).

If N is the foot of the perpendicular from a given point P (x4, y;1 z;)
to the line (1), then the line PN is perpendicular to (1).

The direction ratios of the line PN are
(a+lr—x,B+mr—y,y+nr—2z;).....c........(2)
lla+lr—x)m@B+mr—y)+ n(y+nr—2z,) =0
r(?+ m?+ n?) =1l(x; — @) + m(y; — B) + n(z; — v)
or,r = l(x; — a) + m(y, — B) + n(z, — y)| (I* + m? + n?)
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Substituting the value of r in (a+1Ir,f +mr,y +nr) and
determine the coordinate of N, also, the foot of perpendicular and
length of PN can be easily determined.

Equation of the perpendicular line from the point P(xq,y,2,) to
the line (1) are given by

(x—x))| (@+lr—x1) =@y —yD)I(B+mr—y;) =(z—-2z)|
(y+nr—-z)

(b) In general form: The equations of the line in general form are

ax + by + cz+d=0;ax + by + cz+d =

The perpendicular from a point P(x;, y; z;) to the given line is the
intersection of the two planes namely (i) the plane through the
given point P(x4,y; z1) and also through the line and (ii) the plane
through the point P(x4, y; z;) perpendicular to the given line

Now the equation of any plane through the line (1) is given by
ax + by + cz+d+ A(ax + by + ¢’z+d") = 0...... (2)
If it passes through the point P (x4, y; z;), then

ax,+ by; + cz; +d+ A(@xy + by, + c’z;+d )= 0
Oornl= —(ax,+ by, + czy +d)| (@x; + by; + c’z; +d")
Putting this value in equation (2), we get

(ax + by + cz+d)|(ax1+ by, + cz; +d) = (a’x + b’y +
cz+d)|(ax, + by, + ¢’z +d')...... 3)

Also if I, m, n be the direction cosines of the given line (1), then we get

al +bm +cn = 0 and a’l + b’'m + c’'n = 0 Solving these we get
l| (bc’- b'c) = m|(ca’ - a’c) = n|(ab’ - a’b)........ 4)

Now, we are to find the equation of the second plane which passes through
P and is perpendicular to the line (1).

Since the plane is perpendicular to the line (1), therefore the direction
cosines of its normal are proportional to [, m,n given by (4). Therefore
the equation of the plane perpendicular to the line (1)and passing through
the point P(x4,y; z1) IS

I(x—x)+mly—y)+n(z— z;)=0............(5)



Therefore the equations of the perpendicular line from the point
P(x1,y121) to the line (1) are given by the above equation (5).

3.1.25 COPLANAR LINES

Suppose that the equations of the given lines be

x—a)|l=W-RBPHm=>0CZ—pY)n.a..n. (1)
And (x —a)|l' = (y— B)Im' = z=y)n" ......... (2)

If they intersect,, then they lie in a plane. If the lines are coplanar then they
intersect and they must have a common point. Any point on the line (1) is
(a +lr,B + mr,y + nr) and any point on the line (2) is (a' +U'r", 8" +
m'r’,y" + n'r"). Therefore,

a+lr=a +Ur', B+mr= B +m'r,y+nr=y" +n'r'. So,
a—a +lr=1Ur"=0,

B—B +mr—m'r" =0 and y— y' +nr—n'r' =0 Now we
eliminating r and r’ from these equations

a—-a B'—=p vV -v
l m n [=0

ll ! !

m n

3.1.26 CONDITION FOR THE TWO LINES TO
INTERSECT (IN SYMMETRICAL FORM)

Suppose the equations of the given lines be
x—a)|l=@G-BHm=>C—pYIn.cccceeen()
Andax +byy+ciz+d, =0; a,x +b,y+cz+d, =0..(2)
Equation of any plane through the line (2) is
a1 x +byy+cz+dy + A(a,x + b,y +c,z+d,) = 0.0r,
(a; + day)x + (by + Aby)y + (c1 + Acy)z+ (dy + Ady) =0 ....(3)
If this plane is parallel to the line (1), then we have

(ay + Aa)l+ (b + Al)m+ (c; +Acy)n =0
Or, (a;l +bym+ c;n) = —A(ayl + bym + cyn)
Or,A=-(al+bym+ cn)| (azl + bym + cyn)........ 4)
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Putting this value of A in equation in (3) equation of the plane through the
line (2) and parallel to the line (1) is given by

(a;x + byy + cyz+dy) |[(a;l + bym + ¢n)
= (ayx + by + cyz + d,)| (azl + b,m + cyn)...... (5)

If the line (1) lies on this plane then the point (a, 8, y) on the line (1) must
satisfy (5) and so the condition for the lines (1) and (2) to be coplanar is
(aia+ b +ciy+dy) |(al + bym+ cin) = (a,a + by, + ¢,y +
d,)| (ayl + b,m + cyn)........ (6)

If the condition (6) is satisfied, the lines (1) and (2) are intersecting and
the plane containing both the lines is given by the equation (5).

3.1.27 CONDITION FOR THE TWO LINES TO
INTERSECT ( IN GENERAL FORM)

Suppose the equations of the given lines be
ax+by+cz+d, =0; ax+b,y+cz+d, =0.....(1)
a3x+b3y+C3Z+d3:O; a4x+b4y+C4Z+d4:0 ...... (2)

If these two lines are coplanar, then they intersect and let (a, 8,y) be the
point of intersection. The coordinates of this point must satisfy the
equations of these four planes representing the two lines. Therefore we
have,

a1a+b1ﬁ+cly+d1=O;a2a+b2ﬁ+C2y+d2=0
a3a+b3ﬁ+C3)/+d3=0; a4a+b4_,8+C4_‘y+d4=0

Now we eliminating «, 5, and y from these equations we find the required
condition as

a; by ¢ dq

a? b, c2 d2 =0
as b3 C3 ds
Ay by ¢4 d,

3.1.28 EQUATION OF A STRAIGHT LINE INTERSECTING
TWO GIVEN STRAIGHT LINES (IN SYMMETRICAL
FORM)

Suppose that equation of given lines be

x—a|l=@G-PHm=CZ-p)n=r ... 1)

And (x —a)|ll! = (y— BIM' = (z—y)HIn' =71 ...(2)



Any point on the line (1) is P(a + lr, B + mr,y + nr) and any point on
the line (2) is Q(a’ + U'r',B"' + m'r",y" + n'r’).

We are required to find the equations of a line which intersects the line
(1Dand the line (2). Suppose the required line intersect the lines (1) and
(2) in the points P and Q respectively. The required line is one which
joins the points P and Q.

Example: Find in symmetrical form the equations of the line 3x + 2y —
z—4=0;4x+y—2z+ 3 = 0. Also, find its direction cosines.

Solution: The equations of the given line in general form are
3x+2y—-z—-4=0;4x+y—2z2+3=0........... (1)

Let [,m,n are the direction cosines of the line (1). Since the line is
common to the both the planes, it is perpendicular to the normals of the
both the planes.

Hence we have, 3l+2m—-—n=0,4l+ m—2n=20

Solving these, we get |-3 =m|2 =n|—5 . Therefore, the direction
ratios of the line (1) are given by —3, 2, —5.

We have, \/(=3)%2 + 22 + (=5)2 = /38.
Therefore, the direction ratios of the line (1) are given by
| =—3|V38, m= 2|V38 n= —5|V38

Now to find the coordinates of a point on the line given by (1), let us find
the point where it meets the plane z = 0, Putting z = 0 in the equation
givenby (1), wehave3x + 2y —4=0;4x+y+3 =0

Solving these we have x|10 = y| =25 =1| =5
Weget x = =2,y =5.

Therefore the line meets the plane z = 0 in the point (=2, 5,0) and has
direction ratios as —3, 2, —5. Therefore the equations of the given line in
symmetrical form are (x + 2)|-3 = (y —5)|2=(z—0)| — 5.

3.1.29 PERPENDICULAR DISTANCE OF A POINT FROM A
LINE AND THE COORDINATES OF THE FOOT OF THE
PERPENDICULAR

Let P(x,y1,2;) be agiven point and let
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P(x1,y1,21)

AB be a given line Let the equation of the line AB in the symmetrical form
IS

x—a)|l=@G-RBPHm=>z—-yY)n........... (1)

Where [, m,n are direction cosines of (1). The line (1) is passing through
the point (a,8,y) . From P we draw PN perpendicular to AB. From the
right angled triangle APN, we have

PN? = AP? - AN?

Now AP = the distance between the points A(a, 5,y) and P(x1,v1,21) =
Vi — )2+ (01— B2+ (z— v)? and

AN = projection of AP on AB i.e. the projection of AP on a line whose
direction cosinesare [ m,n=(x; — a)l+ (y; — B)m+ (z, — y)n

PN? ={(x; — @)* + (y1— B)* + (z1 — V)*} - {(x1 — )l +
(y1— B)m+ (z, — y)n}?

= {(x1— )’ + 01— B+ (z1— VI + m? + n?) - {(x;—
)l + (y; — Bym+ (z, — y)n}?

= {m(z,— y)— n(y1— B + (n(x; — @) — U(z, — Y} +
{l(y; — B) — m(x; — a)}? by using Lagrange’s identity.

3.1.30 TO FIND THE COORDINATES OF THE FOOT
OF THE PERPENDICULAR

Since N, be the foot of the perpendicular, is a point on the line AB given
by (x— a)|l=H - B)m=(=- y)n............(1). Its coordinates
may be written as (a + lr, 8 + mr,y + nr). The direction cosines of PN



are (a +lr —x, B +mr —y,;,y + nr — z;), also PN is perpendicular to
AB. Therefore,

(a+lr—x).l+(B+mr—y;m+(y+nr—z;)n=20
onhLr(l? + m? + n®) = (xy—a).l+(y;—pf)m+(z,— y)n

or,r= (xy —a).l + (y; — Bp)m + (z; — y)n. Putting the value of r in
(a + lr,B + mr,y + nr) we get the coordinates of N.

Example23: From the point P(1,2,3), PN is drawn perpendicular to the
straight line (x — 2)|3 = (y-3)|4 = (z — 4)|5. Find the distance
PN, the equations to PN and coordinates of N.

Solution: The equations of the given line AB (say) are

(x=2)3 =-3)4=(z~-D|5=r(say)...(1)

The line (1) is passing through the point A(2, 3,4). Since N, the foot of
the perpendicular, is a point on the line (1), the coordinates of N may be
written as (3r + 2,4r + 3,5r + 4), therefore the direction ratios of PN
are 3r+2-1,4r+3—-2,5r+4—3)i.e. Br+1,4r+1,5r+1).
The direction ratios of the line AB whose equations are given by (1), are
3,4,5.Since PN is perpendicular to AB, we have,

3.3r+ 1) +4.(4r+1) +5(5r+1) = 0,0r = —6|25.

Putting the value of rin 3r + 2,4r + 3,5r +4), we get N =
(32|25,51|25, 14|5), therefore,

PN = the distance between the points P and N

= J{(32|25 - 1)+ (51]25-2)2 + (14]5—3)2} = V3| 5.

Putting the value of r in (3r + 1,4r + 1,5r + 1), the direction ratios of
PN are 7|25,1|25,—-5|25i.e.7,1,—5. So, the equation to PN. Equation
of a line passing through P(1, 2, 3) and having direction ratios 7, 1, —5 are

x=-DI7=00-21=(©z-3)]-5

Definitionl.Skew lines: Those lines which do not intersect or the lines
which do not lie in a plane.

Definition2. Shortest distance: The length of the line intercepted between
two lines which is perpendicular to both is the shortest distance between
them. The straight line which is perpendicular to each of the two skew
lines is called the line of the shortest distance (S. D.).
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3.1.31 THE SHORTEST DISTANCE BETWEEN ANY
TWO NON- INTERSECTING LINES

Suppose that AB and CD be two non intersecting lines and LM a
perpendicular line to both of them. RS is the portion of LM intercepted
between AB and CD. We have to prove that RS is the shortest distance
between AB and CD.

Let P and Q be any points on AB and CD respectively. RS is the projection
of PQ onLM. If () be the angle between PQ and LM, then RS =
PQcos6 or, RS |PQ = cosf, since cosf < 1, therefore, RS |PQ < 1,
i.e. RS is the shortest distance between these two lines.

3.1.32 LENGTH AND EQUATIONS OF THE LINE OF
SHORTEST DISTANCE

(If the equations of the skew lines are in symmetrical form)
Suppose that the equations of two lines be
x—a)|l=@WG-RBHm=>~Z—- yY)n.......... 1)

and (x — a)|U'=(— BH)Im' =(z— y)n"............ (2) Suppose
A, u, v be the direction cosines of the S. D. Since S.D. is perpendicular to
each of the given lines, therefore,

A+mu+nv=0andl'A+m'u+ n'v =0, therefore,

Al(mn' — m'n) = u|(nl' — n'l) =
v|(m'— I'm) =
1 I\/{(mn’ —mn)2+ (nl’ — n'1)? + (Im' — I'm)? } = K(say)

Therefore, A = (mn' — m'n)K, u = (nl'’ — n'l)K and
v= (m'- I'm)K.

If P(a, B,y) be any point on the line (1) and Q(a’, B’,¥") be any point on
the line (2), then the shortest distance will be the projection of the line PQ



joining these points on the line whose direction cosines are

A, u, v, therefore,

SD.=(a— a)A+ (B — BIlu+ @ —v)v

=(a— a’)(mn'— mnM)K+ (B - p)nl'— n'DK+ (y — y)H(Um' —
I'm)K={(a — a')(mn' — m'n) + (B — B')(nl' — n'D)(y — y)H(Um' -
l’m)}|{\/{(mn’ —mn)2+ (nl' — n'D)? + (Um' — I'm)? }}

Equation of the plane containing the line (1) and the S.D. is

xX—a y—f z-y
l m n |=0..... (3)
A u v

Equation of the plane containing the line (1) and the S.D. is

(x— o y—B z—-v
U m' n' = 0........ 4
A u v

Equations (3) and (4) taken together will represent the equations of the
line of the shortest distance.

Note: If the lines are coplanar, the S. D. between them is zero, then

ad—-a =B ¥V -v
l m n [=0

U m' n'

Two lines are coplanar if the shortest distance between them is zero.
Example24: Find the shortest distance between the lines

x—= D2 = -2)3 =(z-3)|4
(x—=2)3=0-4)4=(z- 955

Also show that the equations of the shortest distance are

11x + 2y-7z+ 6 =0; 7x + y-5z +7 = 0.

Solution: The given lines are

x—DI2 = (y-2)|3 =(z — 3)|4=r (say)....... 1)

x—2)3 =W-4)4=(z - 5)I|5=nr(say)...... (2)

Let [, m, n be the direction cosines of the line of S. D. Since it is
perpendicular to both the given lines (1) and (2), therefore, we have

2l + 3m + 4n = 0; 3l + 4m + 5n = 0.

Solving these, we get
l[|-1=m|2 =n|-1 =

JO+ w2+ (D7 + @7+ (D)
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= 1|V6
Therefore, the direction cosines of S.D. are —1 |v/6, 2 [vV6,—1 |6
Now A(1,2,3) is a point on the line (1)and B(2,4,5) is a point on the
line (2).
The length of S. D. = the projection of join of A and B on the line whose
direction cosines are —1 [v6, 2 [V/6,—1 [\/6
=-1|2-1D+ 2|4-2)-1"V/6(5-3)= 1|6

The equation of S.D.: The equation of the plane through the line (1) and
S.D.is

x—1 y—2 z-3
2 3 4
-1 2 -1

onllx +2y-724+ 6 = 0..uee.ee.. (3)
And the equation of the plane through the line (2) and S. D. is

x—2 y—4 z-5
=0

=0

3 4 5
-1 2 -1

Or,7x + y-5z+7 =0 ... 4)
Therefore, from equations (3) and (4) the equations of S.D. are
11x + 2y-7z + 6 = 0;

7x + y-5z + 7 = 0.

Check your progress

(1)(a). The coordinates of two points A and B are (-2, 2, 3) and
(13, -3, 13) respectively. A point P moves such that

3PA = 2PB. Find the locus of P.

1. (b). Show that the points (0,7,10), (—1,6,6) and (—4,9, 6) form
an isosceles right angled triangle.

2. Find the ratio in which the coordinate planes divide the line joining
the points (—2,4,7) and (3, -5, 8).

3. If a, B and y be the angles which a line makes with the coordinate
axes, show that sin?a + sin?p + sin’y = 2.

4. Show that the direction cosines of of the line which is equally
inclined to the coordinate axes are +1|v/3, +1|v3, +1|V3.

5. Find the angle between the lines whose direction cosines are
proportional to 1,2,4 and -2, 1, 5.



10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

Find the direction cosines of the line which is perpendicular to the
lines with direction cosines proportional to 3, —1,1 and - 3, 2, 4.

: Find the coordinate of the point | which the line (x — 2)|3 =
(y+1)|4 = (z— 2)|12 meets the plane x — 2y + z = 20.

Show that the line joining the points A(2,—3,—1) and B(8, -1, 2)
has equations(x — 2)|6 = (y + 3)|2 = (z + 1)|3. Find two points
on the line whose distance from A is 14.

Find the equations of the straight lines through the point (a, b, ¢)
which are

(i). parallel to z —axis (perpendicular to the XY — plane) and (ii).
Perpendicular to Z — axis (parallel to XY — plane).

Find the distance of the point (1, 3,4) from the plane 2x - y +
z = 3 measured parallel tothe linex|2 = y| -1 = z| -1

Find the distance of the point (1,—2, 3) from the plane x - y +
z = 5 measured parallel to the line x|2 = y|3 = z|—6

Find the equations of the line through the point (x4, y;, z,) at the
right angles to the lines x|l; = y|m; = z|n; and x|l, =
ylm; = z|n,.

Find the coordinates of the foot of the perpendicular from the point
(2,3,7) to the plane 3x —y —z = 7. Also find the the length of
the perpendicular.

Find the equation of the plane through the point (a, 8,y) and (i).
perpendicular to the straight line (x — x|l = (y — y)Im =
(z — zy)|n. (ii). Parallel to the lines x|l; = y|m; = z|n,; and
x|l = ylm; = z|n,.

A variable plane makes intercepts on the coordinate axes the sum
of whose squares is constant and equal to k2. Show that the locus
of the foot of the perpendicular from the origin to the plane is
(2 + 92+ z27H)% + y2+ z8)? = k?

Theplanes3x-y + z 4+ 1 = 0,5x + y + 3z = 0 intersect
in the line PQ. Find the equation of the plane through the point
(2,1,4) and perpendicular to PQ.

Find the equations of the line through the point (1,2, 3) parallel to
thelinex-y 42z -=5=03x+y +z -6 = 0.

Find the equations of the line through the point (1,2, 3) parallel to
the Ilne ax + bly + C1Z + dl = 0, a,x + bzy + CZ + dz = 0.
Prove thatthe linesx = ay + b; z = cy + dandx = a'x +
b; z = c’y + d’ are perpendicular if aa’ + cc’ +1 = 0.

Find the equation of the plane through the line (x — @)|l =
(y — B)lm = (z—y)|n and parallel to the line (x — a")|l' =
(y— BDIm" = (z—-y)In".
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22.

23.

24.

25.

26.

Find the equation of the plane through the line P = a;x + by +
c1z+d; =0, Q= ayx+byy+cy,z+ d, = 0and parallel to the
line x|l =y|m = z|n.

Find the equation of the plane through the line 3x - 4y + 5z =
10, 2x + 2y - 3z = 4 and parallel to the line x = 2y = 3z.

Find the equation of the plane through the points
(2,—1,0),(3,—4,5) and parallel to the line 3x = 2y = z.

Find the equation of the plane through the point (2,1, 4) and
perpendicular to the line of intersection of the planes 3x + 4y +

7z + 4 = 0andx-y + 2z + 3 = 0.
Find the equations of the perpendicular from the point

(3,-1,11) tothe line )|2 = (y — 2)|3 = (z— 3)|4. Find also the

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

coordinates of the foot of perpendicular and the length of the
perpendicular.

Find the equation of the plane through the line(x — 2)|2 = (y —
3)| 3 = (z- 4)|5 and parallel to the coordinate axes.

Prove that the equation of the plane through the line (x — 1)|3
(y+ 6)|4 = (z+ 1)|2 and parallel to the line (x — 2)|2 =
y—1D|-3=(z+ 4)|5is25x- 11y - 17z- 109 = 0 and
show that the point (2,1, —4) lies on it.

Find the equation of the plane through the line ax + by + cz =
O;ax + by +cz=0andax + By + yz = 0; ax +
By +yz =20

Find the angle between the lines whose direction cosines are given
by the equation 3l + m +n = 0 and 6mn — 2nl + 5lm = 0.

Find the angle between the lines whose direction cosines are given
by the equation [ + m +n = 0 and 2nl + 2lm — mn = 0.

Show that the acute angle between the diagonals of a cube is
cos~1(1]3).

If A(3,4,5),B(4,6,3),C(—1,2,4) and D(1, 0, 5) are the four
points, find the projection of CD on AB.

Lines OP and 0Q are drawn from O with direction cosines
propostional to 1, —2,1; 7, —6, 1. Find the direction cosines of the
normal to the plane OPQ.

Find the ratio in which the line segment joining the points
A(1,2,3) and B(—4,5,—2) is divided by the plane x + 2y =
4 +z.

Find the equation of the set of the points P such that its distance
from the points A(3,4,—5) and B(—2, 1, 4) are in the ratio 1: 2.



37.

38.

39.

40.

41.

42.

43.

44,

45.

46.

47.

48.

49.

Find the equation of a line which passes through a point
(2,—1,—1) parallel tothe line6x —2 = 3y +1 = 2z - 2.
Find the coordinate of the point, where the through (3, 4, 1) and
(5,1, 6) meet the ZX-plane.

Find the equations of the perpendicular from the origin to the line
ax + by + cz+d = 0;ax + by + cz+d =0

Find the distance of the point P(3, 8, 2) from the line (x —

D)2 = (y — 3)|4 = (z- 2)|3 measured to the plane 3x +
2y-2z +17 = 0

Show that the lines(x + 3)|12 = (y + 5)|3 = —(z-2)|3
and(x + D4 = + 1|5 =—(z+ 1)]|1are coplanar.
Find the equation of the plane containing them.

Prove that the lines(x — 1)|2 = (y— 2)|3 = (z- 3) |4 and
(x—2)3=((—-3)|4 = (z— 4) |5 are coplanar. Find their
point of intersection and the equation of the plane in which they
lie.

Prove that the lines3x -5 = 4y-9 = 3zandx— 1 =

2y - 4 = 3z meet in a point and the equation of the plane in
which they lieis3x - 8y + 3z +13 = 0.

A line with direction cosines proportional to 2,7, —5 is drawn to
intersectthelines(x — 5)|I3 = (@ - 7)| -1 ==+ 2)]|1
and(x + 3)| =3 =(y —3)|2 = (z — 6)| 4. Find the
coordinates of the points of intersection and the length intercepted
on it.

Find the equations to the straight line drawn from the origin to
intersect the lines 2x + 5y + 3z-4 = 0:x-y-5z — 6 =
0.And3x-y + 2z-1=0:x + 2y-2z-2 = 0.

A line with direction cosines proportional to 2, 1, 2 meets each of
the lines given by the equationsx = y + a = z2x + a =
2y = 2z. Find the coordinates of each of the points of
intersection.

Find the equations of the straight line through the origin and
cutting each of the lines (x — xy)|l; = (y — y;)|Im; =
(z— z)Ingand (x — x)|l; = (v — y2)Imy = (2 — z3)In,.
Find the equations of the straight line through the origin which will
intersect both the lines

(x—-—1D|]1 =W+ 3)|4=(z - 5)]3and

x—d|2=0U+3)3+ (z-14)] 4

Find the equations of the perpendicular from (1, 3, 7) on the line

x =3-5t,y =2+ 5tz=-7+ 2t
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50. Find the locus of a point whose distance from X- axis is twice its
distance from the yz- plane.

51. Find the length of the perpendicular drawn from the origin to the
linex + 2y + 3z 4+ 4 =0;2x + 3y + 4z +5 = 0.

52. Also find the equations of this perpendicular and the coordinates of
the foot of the perpendicular.

53. Find the shortest distance between the lines (x — 3)|1 =
-9 -2=z-NDL:E+1|7=Q+1D|-7=
(z + 1)|1. Find also its equations and the points in which it meets
the given lines.

54. Find the shortest distance between the lines (x — 3)|3 =
-8 -1=@z-=-3)|:x+3)|-3=U+ 7|2 =
(z — 6)|4. Find also its equations and the points in which it
meets the given lines.

55.  Find the shortest distance between the lines (x — 1)|2 =

V-2)I13=0z-3)4E=-2)|3=0-3)4=(z-
4)|5. Hence show that the lines are coplanar.

56. Show that the shortest distance between the diagonals of a
rectangular parallelepiped and its edges not meeting it are

bec|\J(b?%+ c?) , ca|+(a?+ c?),ab|+/(b?+ a?) wherea,

b, ¢ are the lengths of the edges.

57. Find the length and equations of the shortest distance between the
lines3x-9y + 52 = 0;x + y-z = 0and 6x + 8y +
3z-13 =0, x + 2y + z-3 = 0.

Summary
1.  The general equation of the planeis ax + by + cz+d = 0
2. The equation of any plane passing through the origin is
ax + by + cz = 0
3. General equation of the plane in normal form:

The general equation of the planeis ax + by + cz+d =
0....(0)

Suppose the general equation of the normal form is
Ix + my + nz = p.........(2) where
lla = m|lb = n|lc = p|—d
= +J/(12 + m% +n?) |/ (a? + b% + c?)
=+1|+/(a%+ b2+ c?)

Where the same sign either positive or negative is to be chosen
throughout.
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| =ta|(a?+b2+c?), m =+b|+(a?+ b% + c?)

n=xc|/(a®+b%+c?),p==2d|/(a®+b%+c?)

Substituting these values in equation (2), the normal form of the
plane (1) is given by

tcz|/(a% +b%+c?) =+d | /(a2 + b2 +c?)....... (3)

The sign of the equation (3) is so chosen that p is
+d | /(a2 + b2 + c2) is always positive.

If the lines(x —a)|l = (y— B)Im = (z—

(@) are perpendicular then [I' + mm' +nn' = 0.

In the case of direction ratio, ( a;a, + b1b, + c;c;) = 0.
(b) If the lines are parallel then [|l' = m|m' = n|n'.

In the case of direction ratio, (a;|a, = by b, = cy/¢;)

(c) Equation of a line passing through a point (x4, y,, z;) and
direction ratio are a, b,c is (x — x)la= (y — y)|b =
(z— z))|c= 2

Therefore the general point on this line is
X =x1+ Aa,y = y;+ Abandz = z; + Ac.

(d) Equation of a line passing through two points A(x;, y1, 21)
and B(x,, y,, z,)is
(x— x)DIz—x) =@ — ¥yl —y1) = (2—
z1)|(z; — z1).

Condition for parallel of a lineand aplaneal + bm+cn =0

Condition for perpendicular of a line and a plane is a|l = blm =
cln

Equation of a plane through a given line and parallel to an another
line: Suppose the equation of the plane through the line

x—a)|l; = (y— B)lmy = (z—vy)|n, and parallel to the line
Nl = )Im, = (2)Iny is
x—a y—p z-y
L my n, |[=0
L m; n;
Equation of the perpendicular line from the point P (x4, y, z;) to
the line (1) are given by
(x—x)l(@+lr—x) = —y)IB+mr—y,)=(z—2z)|
(y +nr—z;) UGMM-102/107
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9.  Condition for the two lines to intersect ( in general form):Suppose
the equations of the given lines be

ax+by+cz+d, =0; ax+b,y+cz+d, =0.....(1)
a3x+b3y+C3Z+d3:O; a4x+b4y+C4Z+d4:0 ...... (2)

a, b; ¢ d,

a? b, c2 d2 =0

asz b3 C3 d3

2} by ¢4 dy

10. COPLANAR LINES: Suppose that the equations of the given lines

be
x—a)|l=W-RBHm=>0CZ—-pY)n...... 1)
And (x —a)|l' = (y— B)Im' = (z—y)n" ......... (2)

If they intersect,, then they lie in a plane(coplanar)if

a—-a B'—=p vV -v
l m n |=0
I m' n'
Skew lines: Those lines which do not intersect or the lines
which do not lie in a plane.

Shortest distance: The length of the line intercepted between two
lines which is perpendicular to both is the shortest distance
between them. The straight line which is perpendicular to each of
the two skew lines is called the line of the shortest distance (S. D.).

11. If the lines are coplanar, the S. D. between them is zero, then
a—-a B'—=p v -y
l m n [=0
I m' n'

Two lines are coplanar if the shortest distance between them is zero.



UNIT-4 THE SPHERE

Structure

4.1 Introduction

4.2  Objectives

4.3  Equation of a Sphere with centre at C(u, v, w) and radius
r

4.4  Equation of a Sphere with centre at origin O(0,0,0) and
radius r

4.5  General Equation of the Sphere

4.6  Equation of the Sphere with a given diameter

4.7  Plane Section of a Sphere

4.8 Great Circle

4.9 Intersection of two Sphere

4.10 Sphere Passing through a circle

4.11 Intersection of a Straight line and a Sphere

4.12 Tangent Planes

4.13 Condition of Tangency

4.14 Plane of contact

4.15 Pole and Polar planes

4.16 The equation of the polar plane of a point A(xy,y;,2;)
with respect to the sphere
x?+vy2+z2=a*isxx; +yy, +zz, = a*

4.17 The equation of the polar plane of a point A(xy,v;,2;)
with respect to the sphere
x?+vy2+z%2=a*isxx; +yy, +zz, = a*

418 The pole of the polar plane Ix + my + nz = p with

respect to the sphere
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x2+y?+z2=a’is (%,msz,n%z)
4.19 Orthogonal System of Spheres

4.20 Touching Spheres

4.21 The Length of the Tangent and Power of a Point
4.22 The Radical plane of two Spheres

4.23 The Radical Axis(Radical Line) of three Spheres
4.24 Coaxial System of Spheres

4.25 Limiting Points of a Co-axial system of spheres
4.26 Summary

4.27 Terminal Questions

4.28 Further readings

4.1 INTRODUCTION

Definition (Sphere) 4.1:

In solid geometry, a sphere is the locus of all points equidistant from a
fixed point. Fixed point is known as centre of the sphere and constant
distance is known as the radius of the sphere.

Z

Z
A P

Figure 4.1 @)
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C is the centre of the sphere and CP = r is the radius of the sphere.
Definition (Inside and Outside of a Sphere) 4.1:

A point is inside, outside, or on a sphere according as its distance from the
center is less than, greater than, or equal to the radius of the sphere.

Figure 4.2

C is the centre of the sphere and r is radius.
CP =r = P lies on the sphere

CQ < r = Q lies inside the sphere

CR > r = R lies outside the sphere
Definition (Circle) 4.1:

Every section of a sphere made by a plane is a circle.

Figure 4.3
Definition (A Great Circle) 4.2:

A great circle of a sphere is a section made by a plane which passes
through the center of the sphere. UGMM-102/111



Sphere

Plane

_ Centre of Circle and Sphere
Great Circle

Figure 4.4

Definition (A Small Circle) 4.3:

A small circle of a sphere is a section made by a plane which does not pass
through the center of the sphere.

4.2 OBJECTIVES

After reading this unit, you should be able to

> Understand the definition of sphere

> Understand that the point lies on the boundary, inside or outside
the sphere.

> Understand the circle, great circle and small circle.
»  Find the equation of a Sphere with centre at C(u, v, w) and radius r

»  Find the equation of a Sphere with centre at origin 0(0,0,0) and
radius r

»  Understand the general equation of the Sphere and determine its
centre and radius

»  Find the equation of the Sphere with a given diameter
»  Find the equation of a circle and determine its centre and radius

»  Understand great circle and find the equation of a sphere for which
the circle is a great circle

»  Show that the intersection of two sphere is a circle
Find the equation of a sphere passing through a circle

Understand the three possibilities that the line does not intersect
the sphere or intersect the sphere at two point or it is tangent line

Find the equation of tangent planes
Find the condition of tangency

Find the equation of plane of contact
Find the pole and polar planes

vV V

YV V VYV V
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Show that the equation of the polar plane of a point A(xy, y;,2;)

with respect to the sphere x% + y? +z2 =a® is xx; + yy; +
— 42

ZZ{ = a

Show that the equation of the polar plane of a point A(xy, y;,2;)

with respect to the sphere x? +y? +z%2 =a? is xx; + yy, +
— 42

ZZ{ = a

Show that the pole of the polar plane lx + my + nz = p with

la? ma? na®

2
respect to the sphere x2 + y? + z% = a? is (7, ol )

Find the condition that the two spheres are orthogonal
Find the angle of intersection of two spheres

Show that the two spheres are touch internally or externally and
find their point of contact

Find the length of a tangent and power of a point

Find the radical plane of two spheres

Find the radical axis(radical line) of three spheres

Find the Coaxial system of spheres

Find the limiting points of a co-axial system of spheres.

w| VVVVYY

EQUATION OF A SPHERE WITH CENTRE
AT C(u,v,w) AND RADIUS R

P(x,y,z)

Figure 4.5

Y

Let the centre of the sphere be the point C(u, v, w) and its radius be r.

Let P(x,y,z) be any point on the sphere
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= CP=r

= JEx—-u?2+@y-v)2+(z-—w)2=r

=S x-w+@-v)+(Z-w)=r?

4.4 EQUATION O F A SPHERE WITH CENTRE
AT ORIGIN AND RADIOUS r

»
»

P(x,y, z)

Figure 4.6

Let P(x,y,z) be any point on the sphere.
OP=r

=J(x—02+(y—-02+(z-02=r

= Jxi+yi+zi=r

= x?+y2+z2=1r2

4.5 GENERAL EQUATION OF THE SPHERE

x2+y?+z2+2ux+2vy+2wz+d =0

:>(x+u)2+(y+v)2+(z+w)2=(\/uz+vz+w2—d)2

= {x- (WP +{y N (0¥ +{z—(—w)} =
(Vuz+vZ+w?—d)




Centre is (—u, —v, —w)

Radius = Vu? + v2 + w2 —d

46 EQUATION OF THE SPHERE WITH A
GIVEN DIAMETER

B(X2,¥2,2;

A(X1,¥1,24

» X

Y Figure 4.7

Direction ratios of AP are x — x4,y — y1,Z — 71

Direction ratios of BP are x — x,,y — y,,Z — Z,

AP L BP (angle in a semi circle)

> X—x)EX—x)+ -y —-y2)+(@z—2)(z—2) =0

Example 4.1: Find the equation of the sphere with centre at (1,2,3) and
radius 5.

Solution: Equation of a Sphere with centre at (u,v,w) and radius r is
given by

x—wl+@y-v)i+@Ez-wi=r2
The required equation of the sphere is

(x—1D*+(y—-2)?%+(z-3)2=25
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= x?4+y?+2z2-2x—4y—6z2—11=0

Example 4.2: Find the equation of the sphere with centre at (0,0,4) and
radius 4.

Solution: Equation of a Sphere with centre at (u,v,w) and radius r is
given by

x-wW+ -+ z-w)?=r?
The required equation of the sphere is
(x—02+(@y—-0>%+(=Z—-4)*=16
= x?4+y*+22-82=0

Example 4.3: Find the equation of the sphere whose centre is (1,3,4) and
which passes through the point (—3,0,4).

Solution:Radius of the sphere = \/(1+3)2+ (3 —0)2 + (4 —4)2 =5
Centre of the sphere = (1,3,4)

The required equation of the sphere is

(x—1)2+ @y —3)2+(z—4)2=25

=x?+y*+2z°2-2x—6y—82+1=0

Example 4.4: Find the centre and radius of the sphere x? + y? + z? —
2x—6y—82+1=0.

Solution: Equation of the given sphere is
x2+y?+2z2-2x—6y—8z+1=0

= x-1)2%4+ @y —-3)+(z—-4)?*= (5>

= Radius of the sphere = 5 and Centre of the sphere = (1,3,4)

Example 4.5: Find the equation of the sphere through the four points
(01010)1 (al 0’0)’ (01 br 0)r (0,0, C)'

Solution: Let the equation of the sphere be

x2+y?+z2+2ux+2vy+2wz+d =0
......... (1)

As the sphere @) passes through the point
(0,0,0), (a, 0,0),(0,b,0),(0,0,c)



=d=0
a2+2ua+d=0:>u=—§
b +2wb+d=0=v=—2
cz+2wc+d=0:>wz—§

The required equation of sphere is

x?+y?+z?—ax—by—cz=0 (fromeq.1)

Example 4.6: Find the equation of the sphere which passes through the
points (0,0,0), (a,0,0),(0,b,0) and whose centre lies on the plane
x+y+z=0

Solution: Let the equation of the sphere be

x2+y*+z2+2ux+2vy+2wz+d =0
......... (1)

As the sphere (1) passes through the point (0,0,0), (a, 0,0) and (0, b, 0)
=d=0

a2+2ua+d=0:>u=—§

b +2wb+d=0=v=—2

As the centre of the sphere (—u, —v, —w) liesonthe planex +y +z =0
=-u—-v—-—w=0
u+v+w=0

+

NS

SWwW=-u—v=

[SHES]

The required equation of sphere is given by
x?+y?+z2—ax—by+(a+b)z=0

Example 4.7: Find the equation of the sphere circumscribing the
tetrahedron whose faces are

x=0,y=0,z=0and§+%+§=1.

Solution:
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B(0,b,0)
Figure 4.8
Y

Equations of the given planes are
x=0 . (P1)
y = o . (Pz)
z=0 . (Pg)
x Yy, zZ_
- + 5 + o= Tr (Py)

By solving (P;), (P;) and (P3), we get the vertex 0(0,0,0)
By solving (P;), (P3) and (P,4), we get the vertex A(a, 0,0)
By solving (P3), (P1) and (P4), we get the vertex B(0, b, 0)
By solving (P;), (P;) and (P,4), we get the vertex C(0,0, c)

Therefore the sphere circumscribing the tetrahedron OABC is the sphere
passing through the four points 0(0,0,0), A(a 0,0), B(0,b,0) and
C(0,0,c) isgiven by

x2+y%+2z2—ax—by—cz =0

Example 4.8: Find the equation of the sphere on the join of (0,b,0) and
(0,0,c) as diameter.

Solution: The equation of the sphere on the join of (0,b,0) and (0,0, c)
as diameter is given by

x=0x-0+@-by-0+(z-0)(z—c)=0
=x?+y> —by+2z>—2c=0



= x?+y*+2z—by—2zc=0

Example 4.9: Find the equation of the sphere with centre at (0,0,0) and
touch the plane

ax +by+cz+d=0.

Solution:
Sphere

® C(0,0,0)

Planeax + by +cz+d =0

1

/. ] /
/ M /
Figure 4.9
a.0+b.0+c.0+d_ d

Radius of sphere = CM = =

The required equation of sphere is given by

2

d
(x—0)2+(y—0>2+<2—°>2=(m>

dZ
=AY A = Gy
Example 4.10: (i) Show that the point P(2,2,1) lies on the sphere
x2+y?+z2=0.

(ii) Show that the point Q(5,2,2) lies inside the sphere x2 + y? + z? —
6x +4y +4z—-32=0.

(iii) Show that the point R(3,3,4) lies outside the sphere x? + y% + z% +
2x + 2y — 4z —19 = 0.

Solution: (i) Equation of the given sphere

x2+y2+z2=9 UGMM-102/119



Radius of the given sphere = 3 and Centre = 0(0,0,0)

PO=\(2-0)2+(2-0?+(1-0)?=V9=3
= Radius of the sphere

Hence the point the point P(2,2,1) lies on the sphere.
(ii) Equation of the given sphere
x2+y2+z2—6x+4y+4z—-32=0

or
(x—=3)2+@W+2)2+(z+2)2=49

Radius of the given sphere = 7 and Centre = 0(3, -2, —2)

Q0=(5-3)24+(2+2)2+(2+2)2=V36=6
QO = 6 < 7(Radius of the sphere)

Hence the point the point Q(5,2,2) lies inside the sphere.
(iii) Equation of the given sphere
x2+y2+2z2+2x+2y—4z—-19=0

or
(x+1D2+ @+ 1%+ (z-2)2=25

Radius of the given sphere = 5 and Centre = 0(—1,—1,2)

RO=/(B+1)2+B+1)2+(4-2)2=vV36=6
RO = 6 > 5(Radius of the sphere)
Hence the point the point R(3,3,4) lies outside the sphere.

Note: A point P(xq, y1, z1) lies on the sphere x2 + y? + z? + 2ux +
2vy+2wz+d =0

Or outside the sphere or inside the sphere according as x;% + y,% +
z12 + 2ux; + 2vy; + 2wz, +d =00r > 00r <0

Check Your Progress

1.  Find the equation of the sphere with centre at (0,0,0) and which
passes through the point(a, 0,0).
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Ans. x2 + y? + z% = a?

2. Find the equation of the sphere with centre at (2, —3,4) and radius
5.

Ans. x> +y?+z2—4x+6y—8z+4=0

3. Find the centre and radius of the sphere x? + y% + z? — 4x + 6y +
2z+5=0.

Ans. Radius = 3 and Centre = (2,—3,—1)

4.  Find the equation of the sphere on the join of (2,—3,1) and
(3,—1,2) as diameter.

Ans. x2+y%+2z2—5x+4y—3z+11=0

5. Find the equation of the sphere on the join of (a, 0,0) and (0, b, 0)
as diameter.

Ans. x?2 +y2+z2—ax—by=0

6.  Find the equation of the sphere with centre at (2,3,-4) and touch the
plane 2x 4+ 6y — 3z + 15 = 0.

Ans. x?2 +y2+z2—4x—6y+82—20=0

7. Find the equation of the sphere which passes through the points
(4,1,0),(2,-3,4),(1,0,0) and touch the plane 2x + 2y —z = 11.

Ans. x?2+y2+z2—6x+2y—4z+5=0

8.  Find the equation of the sphere which passes through the points
(1,-3,4),(1,-5,2),(1,-3,0) and whose centre lies on the plane
x+y+z=0.

Ans. x?2 +y2+z2—2x+6y—4z+10=0

4.7 PLANE SECTION OF A SPHERE

Every section of a sphere S made by a plane P is a circle.

S=(x—uw?+ @y —v)2+(@z-—w)=r?

P=lx+my+nz=p
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Sphere (x —u)? + (y —v)? + (z — w)? = r? Direction ratios of Normal of the plane

are Imn

t

Plane lx + my + nz =p
f\‘ ————————— X
/ < Capy) — A /
e
r'ed

Figure 4.10

O(u,v,w) is the centre of the Sphere and OA = r is the radius of the Sphere
Let C(a, B, y) is the centre of the circle and CA is the radius of the circle.
C(a, B, y) must satisfied the equation of the plane Ix + my + nz =p
iela+mg+ny=p L. (1)
.. Direction ratiosof OCare ¢ —u,f —u,y —w

And Direction ratios of normal of the plane are I,m,n

.. OC is parallel to the normal of the plane

a-u B—v

Hence, T=7=%=A(say):> a=lA+uf=mi+v,y=
ni+w

By putting the value of «, 8,y in equation (1)

p—lu—mv—-nw
12+m2+4n2

[+ +mmi+v)+n(ni+w)=p=>A1=

p—lu—mv—-nw

By putting the value of A = Tav—— ina=IA4+u f=mi+
v ¥y =nd+ w we get the coordinate of the centre of circle.

Now, OC = /(e —w)?2 + (B —w)2 + (y — w)?

In Right Angle Triangle OCA,
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CA = V12 — 0C? is the radius of the circle.

4.8 GREAT CIRCLE

Sphere

Figure 4.11

4.9 INTERSECTION OF TWO SPHERE

S =x2+y2+ 224+ 2uyx+2vy+ 2wz +d; =0

Sy =x?2+ 92+ 22+ 2upx + 2v,y + 2wz +dy, = 0

The intersection of two spheres S; = 0 and S, = 0 is a circle given by
S1 = 0 (Sphere)

S; — S, = 0(Plane)

or

S, = 0 (Sphere)

S1 — S, = 0(Plane)

Sphere §; =0 Sphere S, =0
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4.10 SPHERE PASSING THROUGH A CIRCLE

SExZ+y2+22+2ux+2vy+2wz+d=0}

P=ax+by+cz+d=0

Equation of a sphere through the circle (1) is given by
S+AP=0

Si=x2+y?+z2+ 2u;x+2vy+ 2wz +d; =0
...... @)

S, =x2+y%+ 2%+ 2uyx + 2v,y + 2wz +d, =0
Equation of a sphere through S; = 0 and S, = 0 is given by
Sl + A Sz = 0

Example 4.11: Find the radius of the circle (x+ 1)%+ (v +2)%+
(z— 6)% = 49,

3x+5y+4z+9=0.

Solution:
Sphere (x + 1)? + (y + 2)2 + (z — 6)% = 49

Plane3x +5y+4z+9=0

O (-1, -2, 6)T?\

[N = )
Circle/\_/

Figure 4.13

OC = Length of the perpendicular from 0(—1, —2,6) to the plane 3x
+5y+4z+9=0

_Bx-D+GBx-2)+@x%x6)+9 20 4
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OA = Radius of the sphere = 7

Now, in Right Angle Triangle OCA

CA= 72— (2vZ)" = VA9 —8 = VAT is the radius of the circle.

Example 4.12: Find the centre and radius of the circle (x —1)% +
(v —2)?+ (z - 3)? = 25,

x+y+z=2.

Solution:

Sphere (x — 1) + (y — 2)2+ (z—3)? =25  Direction ratios of Normal of the plane

0(1.2,3)

Planex+y+z =2

/ \\/— ClaBy N A /
N-=--_ -7
/

Figure 4.14

Radius of the given sphere = OA = 5 and Centre = 0(1,2,3)

Let C(«, B, y) is the centre of the circle and CA is the radius of the circle.
C(a, B,y) must satisfied the equation of the plane x + y + z = 2
lea+pf+y=2

Direction ratiosof OCarea — 1,8 — 2,y — 3

Direction ratios of normal of the plane are 1,1,1

OC is parallel to the normal of the plane
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Hence, aT_1=$=yT_3=A(say)= a=A+1, p=1+4+2, y=
A+3

By putting the value of «, 8,y in equation (1)

S A+1+A+2+21+43=2=21=—1

By putting the value of A = —g we get the coordinate of the centre of
circle

4 +1
= —— = —_
(04 3 (04

4 492 2
= —— = —_ —
B 3 B 3

4 +3 5
= —— =y =—
B==3 Y=3
Now,

oon [(4-1) 4 G- o) -

Now, in Right Angle Triangle OCA

2
CA = /52 — (ﬂ) = /25 _1 - \/E is the radius of the circle.
3 3 3

Example 4.13: Find the equation of the sphere through the circle x2 +
y? +z%2 = a?,

x +y + z = 0 and the point (a, 5,7).

Solution: The equation of the sphere through the circle x? + y? + z? —
a’> =0,x+y+z = 0isgiven by

(2+y2+z2—a®)+A(x+y+2)=0

As sphere (S) passes through the point («, 8,y)
= (@*+p*+y?—a)+A(a+L+y)=0

a2+/32+y2—a2

=Ai= a+p+y

The required equation of the sphere is



2 2 2 2 (@®+B%+y?
+y? 4272 —q?) -0
(" +y"+ 27 —af) (at+7)

2
a)(x+y+z)=0

Example 4.14: Find the centre and radius of the circle x? + y? + z? —

2y —4z—-11=0,
x+2y+2z—-15=0.

Solution:
Sphere (x —0)?+ (y— 1?2+ (z—2)2 =16

0(0,1,2)

Direction ratios of Normal of the plane are
1,2,2

Planex+2y+2z—-15=0

T

~.
\:/”C(a,ﬂ,y)J ¢

/

-

/

A
4

Circle

Figure 4.15

Radius of the given sphere = OA = 4 and Centre = 0(0,1,2)

Let C(a, B, y) is the centre of the circle and CA is the radius of the circle.

C(a, B,y) must satisfied the equation of the plane x + 2y + 2z — 15 =0

ie. a+28+2y=15
Direction ratios of OCarea — 0, — 1,y — 2
Direction ratios of normal of the plane are 1,2,2

OC is parallel to the normal of the plane
Hence, = = % = yz;z = A(say) = a = A,
2

By putting the value of a, 8,y in equation (1)

B =21+1,

y =21+
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A+42+24+41+4=15=>1=1
By putting the value of 4 =1 we get the coordinate of the centre of circle
a=1,=3,y=4

Now,

0C=y(O0-124+(1-3)2+(12-4)2=3
Now, in Right Angle Triangle OCA

CA = V42 — 32 = /7 is the radius of the circle.

Example 4.15: Find the equation of a sphere for which the circle x? +
y? +z% = 16, x +y+z=6isagreatcircle.

Solution: The equation of the sphere through the circle
x2+y*+2z2—-16=0,x+y+z—6 =0isgiven by
(x2+y?+2z2-16)+Ax+y+2z—-6)=0

x2+y?+z22+Ax+Ay+Az—16—-61=0

The centre of the sphere (S) is (— % - % - %)

As the given circle is a great circle for the sphere (S), then the centre of
the sphere (S) liesontheplanex +y+z =6

—_2_ 2 _2_g
2 2 2
> A1=—-4

The required equation of the sphere is given by
(x2+y?+2z2-16)—4(x+y+z—-6)=0

= x*+y*+z2—4x—4y—4z+8=0

Example 4.16: Show that the equation of the circle whose centre is
(1,2,3) and which lies on the sphere x? + y? +z%2 = 16 is x? + y? +
z2 =16, x+2y+3z=14.



Solution: Direction ratios of Normal of the plane
2 2 2 _
Sphere x* +y*+ 2z =16 are a,b,c

A

Planeax + by +cz+d =0

B N t
/ T ez I_;/ /
/ \_/

Circle

Figure 4.16

Let the equation of the circle through the sphere x? + y? + z2 = 16 is
x2+y*+z2=16, ax+by+cz+d=0

Centre of circle (1,2,3) must satisfied the equation of the plane ax + by +
cz+d=0

=alx-1)+bly—-2)+c(z-3)=0 ... (1)
Direction ratios of OC are 1,2,3

Direction ratio of normal of the plane are a,b,c

OC is parallel to the normal of the plane

Hence, 2 =2=S=1(say) =a=1 b=21, c=32

Putting the value of a,b,c in (1)

=S Ax—1D+24(y—-2)+34(z-3)=0

=>x+2y+3z=14

Hence the required equation of circle is

x?2+y2+z2=16, x+2y+3z=14

Example 4.17: Find the equation to the plane in which the circle of
intersection of the spheres
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x> +y*+z*2—2x+4y—6z+12=0and x*+y*+z%2+6x—7y—
z — 12 = 0 lies. Find also the equation of the sphere through this circle
and the point (1,1,1).

Solution:

Si=x?+y*+z2-2x+4y—6z+12=0
...... (1)

S, =x?+y*+z°+6x—7y—2z—12=0
...... @)

Sphere §; =0 Sphere S, =0

Figure 4.17

Equation of the plane in which the circle of intersection of the spheres lies
IS given by

81_82:0

= (x?+y?+2z2-2x+4y—62z+12)— (x*+y*+z>+6x—7y
—2z-12)=0

= —8x+11y—-5z+24=0
= 8x—11y+5z—-24=0

Equation of the sphere through the circle of intersection of the spheres is
given by

(x> +y*+z°—2x+4y—6z+12)+ A(8x — 11y + 52— 24) =0
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As the sphere (3) passes through the point (1,1,1)
= (1+141-24+4-6+12)+A(8—-114+45-24)=0
=A==

2

The required equation of the sphere is
1
(x2+y2+zz—2x+4y—6z+12)+§ (Bx—11y+5z—24)=0

= 2x2 +2y2 4+ 222 —4x+8y —12z+ 24+ 8x — 11y + 52— 24 =0

= 2x2+2y2 4+ 22> +4x—-3y—72=0

Check Your Progress

1.  Find the centre and radius of the circle

(x—2)2+(w—-3) +(z—-4)*=36,2x+6y+3z—6=0.

Ans. Centre of the circle = (g, - —,—), Radius of the circle = 2v/5

2. Find the equation of the sphere which passes through the point
(a, B,v) and the circle x2 + y2 + z2 = a%, x = 0.

Ans. (x2+y?2+z2—a®)a— (> +B*+y2 —a)x =0

3. Find the equation of the sphere which passes through the point
(a, B,y) and the circle x? + y2 + z2 = a?,y = 0.

Ans. (x2+y?+z2—a®)p—(a?+B*+y?—a®)y=0.

4. Find the equation of the sphere for which the circle
x2+y2+2z2+7y—2z+2=0,2x + 3y + 4z = 8 isagreat circle.
Ans. x2+y?+2z2—2x+4y—6z+10=0

5. Find the equation to the plane in which the circle of intersection of
the spheres x?+y2+z2+4x+6y+8z+10=0and x*+
y2+ 2%+ 2x +4y + 6z + 8 =0 lies.

Ans.x+y+z+1=0

6. Prove that the circle (x—2)2+ (y—3)*+(z—4)* =36,
x — 2y + 2z =4 isagreat circle.

3 16

7. Show that the equation of the circle whose centre is (g,-;,;)
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and which lies on the sphere x? + y2 + z2 —4x — 6y — 8z —7 =
0 is x*4+y*+2z2—4x—-6y—8z—7=0, 2x+6y+3z—
6=0

8.  Show that the equation to the circle whose centre is (—ggg) and
which lies on the sphere (x — 1)2 + (y —2)2+ (z—3)2 =25 is
(x—1D2+(@y—-2)+z-3)?=25x+y+z=2.

411 INTERSECTION OF A STRAIGHT LINE
AND A SPHERE

S=x?2+y2+z24+2ux+2vy+2wz+d=0 ... (S)

o _ yoB — 2V _ r(say) .............. (L)

l m n

Any pointon line (L) is given by (a + Ir, + mr,y + nr)

If the line (L) intersect the sphere (S) the point (a + Ir, B + mr,y + nr)
must satisfied its equation for some value of r.

(a+Ir)*+B+mr)>+ (y+nr)®+2u(a+Ir) + 2v(B + mr) +
2wy +nr)+d=0 r3(l?+m?+n?) +2r{i(a+u)+m(B +v)+
nly+w)l+a?+p%+y%2+2ua+2vf+2wy +d =0

This is quadratic equation in r .There are three possibilities

Case (i) The two roots are real and distinct then the line intersect the
sphere at two point.

Case (ii) If both the roots are real and coincident then the line is a tangent
line.

Case (iii) If the roots are imaginary then the line does not intersect the
sphere.

4.12 TANGENT PLANES

The equation of Tangent plane of the Sphere x? + y? + z2 + 2ux +
2vy + 2wz +d = 0 at the point P(x1,y4,21) IS given by xx; + yy, +
zz;+u(x+x)+viy+y)+w(iz+2z)+d=0.




Sphere x* + y?> + z2 + 2ux + 2vy + 2wz +d =0

N\

/ PO YL Z) /
'

Tangent Plane xx; + yy; + zz; +u(x + x1) +v(y+y1) +w(z+2z1)+d =0

Figure 4.18

4.13 CONDITION OF TANGENCY

Sphere \

Figure 4.19

— 2 2 2 =
S=x*+y“+z°+2ux+2vy+2wz+d =0 UGMM-102/133
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= Ju+v2+wi—d=

P=lx+my+nz=p

If the plane P is a tangent plane at the point M of the sphere S
Then,

Radius of the Sphere

= Length of the Perpendicular from C(—u, —v, —w) to the Plane lx
+my+nz—p=20

|lu + mv + nw — p|

VI2 +m? +n?

= (lu+mv+nw—p)?> =L +m?+n>)W? +v?>+w?—-d)

Corollary 4.13.1: The condition that the plane Ix + my + nz = p
touches the sphere

Sphere

N\

/ [M] /

Figure 4.20

S=x?2+y2+2z2=a?

P=lx+my+nz=p

If the plane P is a tangent plane at the point M of the sphere S
Then,



Radius of the Sphere
= Length of the Perpendicular from C(0,0,0)to the Plane Ix + my + nz
—p=0

i

= p? = a*(I* + m? + n?)

= —

Example 4.18: Show that the plane 2x — 2y + z + 12 = 0 touches the
sphere

x%2 4+ y%+ 2% —2x — 4y + 2z — 3 = 0 and find the point of contact.

Solution:

Sphere x?2+y2+2z2—-2x—4y+2z—-3=0

Plane 2x —2y+z+12=0

/ M(a, B,7) /
/ /
Figure 4.21

The equation of the given sphere is
x2+y2+2z2—-2x—4y+2z—-3=0

Centre of the sphere = C(1,2,—1)

Radius of the Sphere = /(1)2 + (2)2 + (-1)2 — (-3) = 3

Length of the Perpendicular from C(1,2, —1) to the Plane 2x — 2y +
z+12=0

2x1—-2%x2—-1+12] 9 .
= = — = 3 = Radius of the sphere

NGO
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= Plane touch the sphere

Let M(a, B,y) be the point of contact

Direction ratiosof CMarea—1, -2, y+1
Direction ratios of normal of the plane are 2,-2,1
CM parallel to the normal to the plane

a—1 B—2 y+1
- = =
2 -2 1

= A(say)

= a=21+1 B=-21+2, y=1-1

M(a, B, y) must satisfied the equation of the plane 2x — 2y +z+ 12 =0
= 2a—2+y+12=0

= 2a—2+y+12=0

Putting the value of «, 3,y in equation (1)

= 2(2A+1)—-2(-22+2)+(A-1)+12=0

=41 +2+41—4+21—-1+12=0

= AiA=-1

The required point of contact is M(-1,4,-2)

Example 4.19 : Find the equation of the tangent plane of the sphere
x%+y?+2z?—2x — 4y + 2z =0 atorigin 0(0,0,0).

Solution : Since the equation of the tangent plane at (a, 8,y) is given by
ax+By+yz—(x+a)-2y+B)+(z+y)=0

Hence the equation of the tangent plane at O(0,0,0) is
Ox+0y+0z—(x+0)—2(y+0)+(z+0)=0

= -—-x—2y+z=0
=>x+2y—z=0

Example 4.20 : Find the equation of the tangent planes of the sphere

x%+y%+ 2% —2x + 4y — 6z + 13 = 0 which are parallel to the plane
x—y+z=0.



Solution:
Sphere x?2 + y2 +2z2 —2x+4y—6z+13=0

N\

$C(1,-2,3)

Planex—y+z+1=0

Figure 4.22

The equation of the given sphere is
x2+y?+2z2—-2x+4y—6z+13=0

Centre of the sphere = C(1,—-2,3)

Radius of the Sphere = 3/(1)2 + (=2)2 + (3)2 — (13) = 1

Any plane parallel to x — y + z = 0 is given by

x—-y+z+A=0 .. @
If plane (1) is the tangent plane of the given sphere then

Radius of the sphere

= Length of the Perpendicular from C(1, —2,3)to the Plane x — y +
z+1=0

1+2+3+1 6+A4
=1=4 =+
JOZ+ D7+ @2 T VB

=1=-6++3

The required tangent planes are

— —_ =+ =
X—y+z-61V3=0 UGMM-102/137
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Example 4.21: Find the equation of the tangent planes of the sphere at

point of intersection of the sphere x2 + y? +2z%2 =49 and the line
x_y_z

3 4 6
Solution: Equation of the given line is

xX_Y_Z_
3 2 —6—/1(say)
Any point on the line is given by (34, 24, 61)

If the line (1) intersect the sphere then the point (34, 24, 64) satisfied the
equation of the sphere for some value of A.

= 91% 4+ 42* + 364% = 49

= A=+1

The point of intersection are (3,2,6) and (—3,—2,—6)
Equation of tangent plane at (3, 2,6) is given by
3x+2y+6z=49

Equation of tangent plane at (—3, —2, —6)is given by
—3x —2y —6z =49

Example 4.22: Show that the line xT_lz%z intersect the sphere

xZ + yz + Z2 + 2x + Zy +z=0 at p0|nt (_1p_11 _2) and
1 1 2
G

Solution: Equation of the given line is

N

wmw N

Any point on the line is given by (24 + 1, 4, 21)

If the line (1) intersects the sphere then the point (21 + 1, 4, 24)satisfied
the equation of the sphere for some value of A.

=S AV 4+ 1+ A2+ 422 4+4042420422=0

=912+ 121+3=0



=312+41+1=0

—=1=-1—-
3

Hence the required point of intersection are (—-1,—1,—2) and
1 1 2

(5' X _5)'

Example 4.23: Find the equation of the sphere whose centre at origin and

which touch the line

x-1_y_z
2 1 2
Solution :

Sphere x? + y? + z2 = r?

N\

Y T

Figure 4.23

The equation of the sphere with centre at origin is given by
x% 4+ y?+ 7% =r?

The equation of the given line

Any point on the line (1) is given by (24 + 1,1, 24)
Let (24 + 1, 4, 22) is the point of contact M then
Direction ratiosof CM are 24+ 1, 4, 24

CM is perpendicular to the given line

= 2(2A+1)+1(A) +2(21) =0 UGMM-102/139



= 4A+2+ 1+41=0

=>/1=—§

Now the point of contact is M( g - % —%)

. 5 2 2 2 4 2 \/§
Radius of the sphere =r = CM = (§> + (— —) + (— —> =

The required equation of the sphere is

V5
x2+y2+zz=<—>

2

3

5
=>x2+y2+zz=§

Example 4.24: Find the equations of the tangent planes to the sphere

x%? + y? + z? + 6x — 2z + 1 = 0 which passes through the line 48—3x =
2y + 30 = 3z.

Solution:

Sphere x2 +y2+z2+6x—2z+1=0

N\

Plane 48—3x — 3z = A(2y + 30 — 32)

Figure 4.24

Equation of the given line is
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48—3x = 2y +30 = 3z
...... (1)

Equation of the plane through the line (1) is given by
48—3x — 3z = A(2y + 30 — 32)

= —3x—2Ay+(31—3)z—301+48=0
...... (P)

If the plane (P) is a tangent plane of the sphere S
Then,
Radius of the Sphere
= Length of the Perpendicular from C(—3, 0, 1) to the Plane

9+31—3—301+48
J(=3)2 + (—22)2 + (31 — 3)2

54 — 272
=3 =
V18 + 1312 — 181
18 — 91
=1

V18 + 1312 — 181

= 1312 — 181 + 18 = (18 — 91)?

— 1312 — 181 + 18 = 324 + 8142 — 324 1
= 306 + 6812 — 3061 = 0

= 212-914+9=0

=212 -914+49=0

A 33
= 1=3,-
"2

The required equations of the tangent planes are
—9x -6y +6z2—42=0
3x+2y—2z+14=0

Example 4.25: Find the equations of the tangent planes to the sphere

(x —2)% + (y — 1)? + (z — 1)? = 1 which passes through the x-axis.
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Solution:

Sphere (x —2)?+ (y—1)?+(z—1)? =1

N\

?C(2,1,1)
Planey+Az=00rz+ Ay =0
/ M V4
Z /
Figure 4.25

The equation of the given sphere is
S=(x—22%+(w—-3)2+@=z-4*=1
Equation of x-axis is given by

y=0andz=0
...... (1)

Equation of the plane through the line (1) is given by

If the plane (P) is a tangent plane of the sphere S
Then,
Radius of the Sphere

= Length of the Perpendicular from C(2, 1, 1) to the Plane
1+4
TVi+2
=1+22=01+1) =1=0

The required equations of the tangent planeis y = 0
In the similar way if we consider the plane through the line (1) in the form
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z+ly=0

Then the equation of the tangent planeisz = 0

Hence the required tangents planes through the x-axisarey = 0and =0 .

Example 4.26: Find the equations of the tangent planes to the sphere

(x —2)% + (y — 3)? + (z — 4)? = 1 which passes through the x-axis.

Solution:

Sphere (x —2)?+ (y—1)2+(z—3)* =1

N\

Planey + 1z =0

T

/

/

Figure 4.26

Equation of x-axis is given by

y=0andz=0

...... 1)

Equation of the plane through the line (1) is given by
y+Az=0

...... (P)

If the plane (P) is a tangent plane of the sphere S
Then,

Radius of the Sphere

= Length of the Perpendicular from C(2, 1, 3) to the Plane
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1+34
V1 + 22

= 1+ 1% = (1 +31)?

=1+22=1+91*+61
= A(B81+6)=0

A=0 >
= 1=0,—-
"4

The required equations of the tangent planes are

y=0,4y—-3z=0

4.14 PLANE OF CONTACT

The plane of contact is the locus of the point of contact of the tangent
plane which passes through a given point (not on the sphere)

To find the equation of the plane of contact of tangent plane through the
point Q(a, B,y) to the sphere S = x% + y? + z? + 2ux + 2vy + 2wz +

d=0
Sphere x2 + y?2 + z2 4+ 2ux + 2vy 4+ 2wz+d =0
/ P(;l'Y1;-Z1) /
/ ° Q(a, B,v) /

v

Tangent Plane xx; + yy; + zz; +u(x + x1) +v(y+y1) +w(z+2z1)+d =0

Figure 4.27
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Equation of tangent plane through the point P(x, y,,z;) of the sphere is
given by

xxy +yy1 +zz;+ulx+x) +v(y+y)+wiEz+z)+d=0...... (P)

If the plane (P) passes through the point Q(«, 5, y) external to the sphere,
then we have

ax, + By, +yz; +u(a+x)+v(B+y)+wly+2z)+d=0
Hence the locus of P (x; = x,y; = y,2; = z) iS

ax+py+yz+u(a+x)+v(f+y)+w(y+2z)+d=0

4.15 POLE AND POLAR PLANES

(2

Figure 4.28

Consider a line through a fixed point A to intersect a given Sphere in the
point P and Q. Take a point R on this line in such way that AR is harmonic
mean of AP and AQ

12

- 1
I'e'E-}_AQ_AR

The locus of the point R is called the Polar Plane. The fixed point A is
called the pole of the polar plane.

4.16 THE EQUATION OF THE POLAR PLANE
OF POINT A (x, y,,z,) WITH RESPECT TO

THE SPHERE x*+y*+z*=a’isxx, +yy, +zz, =a°

Let the equation of a line passes through the point A(xq,y;,2;) with
direction cosines Im,n is given by x‘l"l = y;n” — Z;Zl =r
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Any general point on the line is (x; + lr,y; + mr,z; + nr)

If the line intersect the sphere then the point (x; + lr,y, + mr,z; + nr)
satisfied the equation of sphere for some value of r

= (x; +Ir)? + (y; + mr)? + (z; + nr)? = a?

=12+ 2r(xl+ym+zin)+xi +yi+z2 —a?=0

It is a quadratic equation in r give two roots say r; and r,
=nr+1r=-20x1l+ym+zn)andnr, = x% + y?+z% — a?

Now let the two point on sphere are P(x; + lry ,y; + mry,z; + nry ) and
Qlxy +lry,y; + mry,zy +n1y)

Now, AP =r;and AQ =1,
Now, by definition of Polar Plane

1 1 2 1 1 2 r+r 2
AP TAQ AR

n r, AR nr, AR

20l +ym+zn) 2
T TP +y+zi-a2 AR
1 TYViTZy —a

= x? + yi+z2 —a? +AR(x l + yym + zin) = 0

Now, let the coordinate of the point R be (x,y,z)

Then, AR =r (Byequation (1) x —x; =lr,y—y, =mr,z—z, =nr
and > + m? + n? = 1)

Now, by equation (2)

xt+yit+zi—a?+r(gql+ym+zn)=0
...... (3)

By Equation (1)

X=X

x=x;+lr=1=

Yy—n
r

y=y,+tmr—=m=

Z_Zl

Z=zZi+nr=mn-=
r

Putting the value of I,m,n in equation (3)

x% + yi+zi — a? +r{x1 (x ;xl) + v ()’;}’1) + 7, (Z_rzl)} =0




= xf+yi+zi —a* +{(x —x) +y1(y —y1) +z1(z—2)} =0

= xx1 + yy; + 22, = a®

4,17 THE POLE OF THE POLAR Ix+my+nz=p
WITH RESPECT TO THE SPHERE

_(1a® ma® na’
x2+y2+22:a2|5( , ,
p p p

Let A(xq,y1,2,) be the required pole. The equation of the polar plane of a
point A(xq,v1,2z,) With respect to the sphere x2 +y?+z% =a? is
xx; + yy, + zz; = a®.

As Ix+my+nz=p and xx; + yy; + zz, = a® represent same polar
plane.

Therefore,

4.18 THE POLAR LINE OF XI“:y_B:Z_V
m n

WITH RESPECT TO THE SPHERE IS
GIVEN BY ox+py+yz—a’=0=Ix+my+nz

Any point on the line % =¥E_ % =r is given by Ir + a,mr +

p,nr+y
Polar plane of the point (Ir + a,mr + §,nr +y) with respect to the
sphere x? + y2 + z2 = a? is
x(Ir + @) + y(mr + B) + z(nr + y) = a?
= (ax+py+yz—a®>)+r(Ilx+ my+nz) =0
This plane for all values of r passes through the line

ax+ Py +yz—a*=0=Ix+my+nz

4.19 ORTHOGONAL SYSTEM OF SPHERE

Two Spheres are said to intersect orthogonally if their angle of intersection
is right angle.

S =x2+y2+ 224+ 2uyx+2vy+ 2wz +d; =0
Sy, =x2+y2+ 2% 4 2uyx + 2v,y + 2wz +dy, = 0
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Figure 4.29

If the Sphere S; and S, intersect orthogonally then 2C;AC, = 90°
Now, in right angle triangle AC, AC,

(C16G)? = (C1A)* + (CRA)?

= (C€16)* = (n)* + (1)?

= (U — Uz)? + (v, — v2)* + (W — wy)?
= (ulz + 1712 + le - dl) + (uZZ + 1722 + sz - dz)

. 2u1u2 + 2171172 + 2W1W2 = d1 + dz

4.20 TOUCHING SPHERES

Figure 4.30
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Touch Internally if C{C; =11 — 1y

Figure 4.31

Touch Externally if C{C; =11+ 15

Example 4.27: Show that the polar line of xT_l = yT_Z = ? with respect
to the sphere
x2+y?+2z2=9isgivenbyx+2y+3z—9=0,2x+ 3y +4z=0.

Solution: Equation of the given line

x-1  y=2
2 3

z-3
— — =r
4

Any point on the line is given by 2r + 1,3r + 2,4r + 3

Polar plane of the point (2r + 1,3r + 2,4r + 3) with respect to the sphere
x2+y*+2z2=9is

x2r+1)+yQ@Br+2)+z(4r+3)=9
= x+2y+3z—-9)+r(2x+3y+4z)=0
This plane for all values of r passes through the line
x+2y+3z—-9=0;2x+3y+4z=0
This is the required equation of polar line of the given line.

Example 4.28: Show that the spheres x2 + y%+2z%2 =4; (x —4)*> +
(v — 2)? + (z — 4)? = 16 touch externally and find point of contact.
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Solution :

C(a,B,y)

Figure 4.32

Equation of the first given sphere is
Si=x*+ y*+z2=4

Radius of the sphere r; = 2

Centre of the sphere = C,(0,0,0)

Equation of the second given sphere is
(x—4)?+(@y—-2)+(=Z-4)?%*=16

S, =x*+y*+2z>—8x—4y—8z+20=0
Radius of the spherer, = 4

Centre of the sphere = C,(4,2,4)

CiC=/(4—-0)2+(2-0)2+(4-0)2=6
ri+r,=2+4=6

CiC=r1+r,

Hence the spheres touch externally.

Let C(a, B, y) be the point of contact.

Hence,

a-0 pf-0 y-0

2-0 2-0 a_90 ‘6@



= a =410 =24y = 41
As C(a, ,v) be the common point for both sphere

=a’+ pr+yi=4
....... 1)

a’?+p%>+y>—8a—4B—8y+20=0
....... @)

By solving equation (1) and (2) we get
—8a—4f -8y +24=0

= 2a+f+2y—-6=0
....... (3)

By putting the value of «, 8,y in equation (3)
8A1+21+81—-6=0
= 181 =6

1

=>/1=§

The required point of contact is Gé%)

Example 4.29: Show that the spheres

X2+ y2 +22 = 25and x2 + y? + 22 — 18x — 24y — 40z + 225 = 0

12

Solution:

>4

touch externally and their point of contact is (% —,

C(a, B,7)
Figure 4.33
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x?+ y* 422 =25 ceeennn(S1)
Radius of the spherer; =5

Centre of the sphere = C;(0,0,0)

x2+ y2+ 2% —18x— 24y — 40z + 225 =0
(x—9)2+(y—12)2+(z—20)2 =400  ........ (S)
Radius of the sphere r, = 20

Centre of the sphere = C,(9,12,20)

C:C, =+/(9—0)2 + (12 — 0)2+(20 — 0)2 = 25
ri+r,=5+20=25

CiC=r1+T1,

Hence the spheres touch externally.

Let C(a, B,y) be the point of contact.

Hence,

a—0 -0 -0
9-0 132—0:2]/0—0:’1(“‘3')
= a =91, =124,y = 201

As C(a, ,v) be the common point for both sphere

= a’+ p*+y2 =25
a’+p%+y?—18a — 24 — 40y +225=0

By solving both the equation

we get,

—18a — 24 — 40y + 250 =0

= 9a+ 12+ 20y —125=0

By putting the value of a, 8,y

814 + 1441 + 4004 — 125 =0

= 6254 =125
:>/1—1
5

The required point of contact is (g% 4)
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Example 4.30: Two spheres of radii r; and r, cut orthogonally prove that
the radius of the common circle is —=.
,rlz+r22

Solution:

Figure 4.34

If the Spheres S; and S, intersect orthogonally then 2C; AC, = 90°

Area of the triangle AC,AC, = %rlrz
Let AM = r be the radius of common circle
. 1 1
Then Area of the triangle AC,AC, = 57 (C1C2) = Er,/rf + 7}
By comparing the area of AC,AC,

1 1
Sy =sryrf 41t
2 2

T2

2 2
r{+r;

Example 4.31: Find the angle of intersection of the spheres (x — 1) +
(y—2)2+(z-3)?*=4

— ]

and (x —3)?+(y—1)?+(z+1)2=09.

Solution: The equations of the given spheres are
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S;=(x—-3)2+@-1D?+(z+1)?=9

S,=(x—1D?+(y—-2)2+(z—-3)=4

C1(3)1; _1)

Figure 4.35

Let £C;AC, = 6 be the angle of intersection of the Spheres S; and S, .

Now,

CiC=VB-1)2+(1-2)2+(-1-3)2=+21

In AC,AC,

32422 - (vV21)° 2
cosf = =—=
2X3 X2 3

2
= cosf = 3 (taking the accute angle)

2
— -1(_=
= 0 = cos (3>

Example 4.32: Show that the two spheres (x—0)2+ (y+3)?+
(z+1)?2 =2and

x+3)2+ (y+4)?+ (z+ 2)? = 9 are orthogonal.
Solution: The equations of the given spheres are
x—0)2+({y+3)2+(z+1)?2= (\/5)2
x+3)2+(y+4)?+(z+2)?=(3)?



C.(0,-3,-1)

Figure 4.36

CiC=+/(0+3)2+ (—-3+4)2+ (—-1+2)2=+V11
(C1C2)?% = (C1A)? + (C,A)?

= The spheres are orthogonal

Example 4.33: Show that the two spheres x? + y? +z% + 2x + 2y + 1 =
0 and

x> +y?+2z%>+4y—2z+3 =0 are orthogonal. Find their plane of
intersection.

Solution: The equations of the given spheres are
S;=x*+y*+z224+2x+2y+1=0
w=1Lv,=1L,w;=0d, =1

S, =x*+y?*+z°4+4y—22+3=0

u, =0,v,=2,w,=-1,d, =3

Two spheres are orthogonal if

2uguy + 2v1v, + 2wyw, =d; + d;,

2uquy + 2vv, + 2wiw, = 0+4+0 =4
di+d,=1+3=4

= 2u uy + 2v,v, + 2wyw, = dq + d,

Hence the spheres S; and S, are orthogonal.
UGMM-102/155



UGMM-102/156

Plane of intersection is given by
Si—S,=0=2x—-2y+2z—-2=0
=x—y+z-—-1=0

Example 4.34: Find the equation of the sphere that passes through the two
points (0,0,0), (0,2,0) and cuts orthogonally the two spheres

x*4+ y2+z2+2x—25=0andx* + y*+ 22 —4z—8=0.
Solution: Let the equation of the sphere be

x2+ y2+2z2+2ux+2vy+2wz+d =0
....... S)

Sphere (S) passes through the points (0,0,0) and (0,2,0)
=d=0andv=-1
Sphere (S) cuts the spheres x? + y? + z2 + 2x — 25 = 0 orthogonally

By applying the condition of orthogonality

2u1u2 + 2171172 + 2W1W2 = d1 + d2 —t Zu(l) = 0 — 25 = u= _22_5

Again, sphere (S) cuts the sphere x?+ y?+2z2—-4z—-8=
0 orthogonally

= 2u1u2 + 21711.72 + 2W1W2 = dl + dz = ZW(_Z) = 0 - 8 = Ww = 2
The required equation of the sphere is

x4+ y2 422 —-25x—2y+4z=0

Check Your Progress

y—1 z+3

1.  Prove that the polar plane of any pomt on the Ilne ==

with respect to the sphere x% + y? +z% =1 passes through the
line 2x+3 y_l — z

13 -3 -1

2. Find the equation of the tangent plane of the sphere x? + y? +
22 =9at (1,-2,2).

Ans. x =2y +2z=09,.

3. Show that the spheres x? + y?+2z2+2x—25=0 and x*+




y? + z% — 25x — 2y + 4z = 0 are orthogonal.

4, Show that the spheres x2+ y?+2z2—4z—8=0 and x?+
y? + z? — 25x — 2y + 4z = 0 are orthogonal.

5. Show that the spheres x?+ y?+2z?+6y+2z+8=0 and
x%+ y% + z? + 6x + 8y + 4z + 20 = 0 are orthogonal. Find their
plane of intersection.

Ans.3x+y+z+6=0.

6. Find the angle of intersection of two intersecting spheres x? +
y2+z2+2x+2y+1=0 and x2+y2+z2+4y—2z+2=
0.

Ans. 0 = cos™ ( ! )
ns.o = cos ——
23
7. Find the angle of intersection of two intersecting spheres x? +
y2+z2+2u;x +2vy+2wyz+d; =0 and  x?2+y?+z2+
2u,x + 2v,y + 2w,z +d, = 0.
Zuluz + 2171172 + 2W1W2 - dl - dz )

2\/uf +v12+wf—d1\/u§ +vi+wi—d,

Ans.0 = cos‘1<

421 THE LENGTH OF THE TANGENT AND
POWER OF APOINT

Sphere x2 + y2 + z2 + 2ux + 2vy + 2wz +d = 0

Fi 4.37
P(xy,y121) \ T igure 4.3

. UGMM-102/157
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Centre of Sphere = C(—u, —v, —w)

Radius = CT = Ju2 +v2 + w2 —d

T is the point of contact.

CT L PT

PT? = PC%? — CT?

PT? = {(x; + w)? + (y; + v)* + (z1 + W)?} — W? + v* + w? = d)
PT? = x% + y{+z{ + 2ux, + 2vy; + 2wz, + d

PT? is also known as the Power of the point P with respect to the
given sphere.

4.22 THE RADICAL PLANE OF TWO SPHERES

The locus of a point whose powers with respect to two given spheres are
the same is called the radical plane of the two spheres.

Si=x*+y2+ 224+ 2uyx+ 2v,y + 2wyz+d; =0
S, =x2+y?2 422 + 2uyx + 2v,y + 2wz + dy, = 0
Let P(a, B,y) be any point.

The power of the point P(a, 8,y) with respect to the sphere S; =0 is
given by

(PT)D? = a? + B? +y2 + 2uya + 2v,B + 2wy + d;4

and the power of the point P(a, 8, y) with respect to the sphere S, = 0
is given by

(PTy)? = a? + B% + y? + 2uya + 2v,68 + 2w,y + d,
For radical plane
(PT1)2 = (PTZ)Z

= a’+p%+y*+2ua+2v.f + 2wy +dy =@t + BE+yi 4+
2uya + 2v,0 + 2wy + d;,

= 2uya + 2v.B + 2wy y + dy = 2uya + 20,0 + 2w,y + d,

= 2a(uy —uy) + 28wy —vz) + 2y(wy —wy) + (dy —dz) =0
Hence the locus of P (¢ = x,8 = y,y = 2) IS

2x(uy —up) + 2y(vy — vp) + 2z(wy —wy) + (dy —dy) =0

or S4— S, =0

This is the required equation of radical plane of two spheres.



4.23 THE RADICAL AXIS (RADICAL LINE) OF
THREE SPHERES

The radical planes of three spheres taken two at a time pass through a
common line which is said to be the radical axis (or radical line) of the
three spheres.

S =x2+y2+ 224+ 2uyx+2vy+ 2wz +d; =0 e (1)
Sy =x2+y2+ 2% 4 2uyx + 2v,y + 2wz +d, =0 L 2)
S;=x?2+y2+ 22+ 2uzx + 2v3y + 2wzz+d; =0 L. (3)
Radical plane of S; and S, isgivenby S, -S, =0 ... (Py)
Radical plane of S, and S5 isgivenby S, —S; =0 . (P2)
Radical plane of S5 and S; isgivenby S; —S5;, =0 . (P3)

Plane (P;) and (Py) representa line S; = S, = S5
Plane (P;) and (P3) representa line S; = S, = S5
Plane (P3) and (P;) representaline S; = S, = S5

Clearly these three planes pass through the line S; =S, =S5 which is
the equation of the radical line (or radical axis) of three given spheres.

4.24 COAXIAL SYSTEM OF SPHERES

A family of spheres is called a coaxial system of spheres if for all the
spheres any two of them have the same radical plane.

Si=x2+y?+z2+ 2uyx +2vy + 2wz +d; =0

S, =x2+y%+ 2%+ 2uyx + 2v,y + 2wz +d, =0
The radical plane of the spheres S; = 0 and S, = 0 is given by
S;—S,=0

The equation of the co-axial system of spheres determined by the spheres
S, = 0and S, = 0 is given by the following different three ways

Sl+7\(51—32)=00I’Sz+u(31—52)=00r Sl‘l‘VSz:O.

425 LIMITING POINTS OF A CO-AXIAL
SYSTEM OF SPHERES

The centres of the spheres of a co-axial system which have zero radius are
called limiting points of the co-axial system.
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Example 4.35: Find the length of the tangent and power of the point
P(6,6,5) with respect to the sphere

x2+y2+2z2+2x+2y+4z+2=0.

Solution:

Sphere x2 + y2 +z24+2x+2y+4z+2=0

N\

l T Figure 4.38
P(6,6,5)

Tangent Line

Equation of the given sphere
x2+y2+z2+2x+2y+4z+2=0
Centre of Sphere = C(—1,—-1,—-2)

Radius = CT = /(=1)2 + (=1)2 + (=2)2 -2 =2
T is the point of contact.

CT L PT

PT? = PC%? — CT?

PT?2 = {(6 + 1)+ (6 + 1)? + (5 + 2)?} — (2)?

PT? = 143
PT =+v143

Hence the length of the tangent is PT =+/143 and power of the point
P(6,6,5) with respect to the given sphere is PT? = 143.
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Example 4.36: Find the radical plane of the spheres x? + y? + z2 + 4x +
6y +7z+8=0andx?> +y%+z*+2x+2y+4z+2=0.

Solution: Equation of the given spheres are

Si=x>+y?+z2+4x+6y+7z+8=0
andS, =x?+y*+2z>+2x+2y+4z+2=0
Radical plane of the given spheres is given by
=5,—-S,=0

= x2+y*+z2+4x+6y+7z+8)— (x> +y*+2z%+2x+2y
+4z+2)=0

= 2x+4y+3z+6=0

Example 4.37: Find the equation of the radical axis of the spheres
Si=x?+y*+z2+2x+2y+22+2=0
S,=x>+y2+z2+4x+4z+4=0
S;=x’+y*+z2+x+6y—4z—2=0

Solution: The radical plane of the spheres S; = 0 and S, = 0 is given by
S;—S,=0

= —2x+2y—2z2-2=0

=>x—y+z+1=0

Again the radical plane of the spheres S; = 0 and S; = 0 is given by
S;—S;3=0

> x—4y+6z+4=0

The equation of required radical axes is given by
x—y+z+1=0;x—4y+6z+4=0

Example 4.38: Find the limiting points of the co-axial system of spheres
determined by the spheres

x2+y?+2z2+3x—-3y+6=0,x>+y*+z2—6y—6z+6=0.
Solution: The equations of the given spheres are
S;=x*+y*+2z243x—-3y+6=0

S, =x*+y*+z2—6y—6z2+6=0

The radical plane of the spheres S; = 0 and S, = 0 is given by
S;—S,=0

= 3x+3y+6z2=0
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=>x+y+2z=0
The equation of radical plane is
P=x+y+2z=0

The equation of the co-axial system of spheres determined by the spheres
Sy =0andS, = 0is given by

= (2 +y2+22+3x—3y+6)+Ax+y+22) =0
= x%+y2+ 22+ B+ x+ (-3+Ny+20z2+6=0

Centre of the sphere is (_32_}‘, 3;—)‘ —?\)

s = (5 + (5 + s

= JE+N2+ B -2+ 42— 24 = V6" — 6

2

If the radius of the sphere is zero, then

l\/ 62 — 6 =0
2
=6\ -6=0

=N -1=0

=>A=1-1

Putting A = 1 in the co-ordinates of centre of the sphere, we get
(-2,1,-1)

Again putting A = —1 in the co-ordinates of centre of the sphere, we get
(-1,2,1)

The required limiting points of the co-axial system of spheres are
(—=2,1,-1) and (—1,2,1).

4.26 SUMMARY

We conclude with summarizing what we have covered in this unit

»  The definition of sphere
A point lies on the boundary, inside or outside the sphere.
Circle, Great circle and Small circle.
Equation of a Sphere with centre at C(u, v, w) and radius r
Equation of a Sphere with centre at origin O(0,0,0) and radius r

YV V. V V V

General equation of the Sphere and determine its centre and radius



»  The equation of the Sphere with a given diameter

A\

The equation of a circle and determine its centre and radius

»  The great circle and find the equation of a sphere for which the
circle is a great circle

» Intersection of two sphere

»  Equation of a sphere passing through a circle

» A line does not intersect the sphere or intersect the sphere at two
point or it is tangent line

»  Equation of tangent planes

»  Condition of tangency

»  Equation of plane of contact

»  Pole and polar planes

»  The equation of the polar plane of a point A(x,, y;, z;) with respect
to the sphere x2 + y% + z% = a? is xx; + yy, + 2z, = a®

»  The equation of the polar plane of a point A(x,, y;, z1) With respect

to the sphere x? + y2 + z% = a? is xx; + yy; + zz, = a*
»  The pole of the polar plane Ix + my + nz = p with respect to the

. (la2 2 .42
sphere x2 4+ y2 422 = a?is (%,mg %)

»  Condition that the two spheres are orthogonal

A\

Angle of intersection of two spheres

Y

The two spheres are touch internally or externally and find their
point of contact

The length of a tangent and power of a point
The radical plane of two spheres

The radical axis(radical line) of three spheres
The Coaxial system of spheres

YV V. V V V

The limiting points of a co-axial system of spheres

4.27 TERMINAL QUESTIONS

1.  Find the equation of the sphere with centre at (2,3,4) and which
passes through the point(1,2,8).

Ans. (x —2)2+ (y—3)>+(z—4)* =18
2. Find the equation of the sphere with centre at (1,2,3) and radius 6.
Ans. (x — 12+ (y—2)2+(z—3)*=36
3. Find the centre and radius of the sphere x2 + y? + z% — 4x — 6y —

2z+5=0. UGMM-102/163
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Ans. Radius = 3 and Centre = (2,3,1)

4. Find the equation of the sphere on the join of (2,4,6) and
(—2,—4,—6) as diameter.

Ans. x2+y2+2z2-56=0

5. Find the equation of the sphere with centre at («, 8,y) and which
touch the plane

ax+by+cz+d=0.
(aa+bB+cy+d)?
aZ+b2+c2
6. Find the equation of the sphere with centre at (0,0,0) and which
passes through the point(0, b, 0).
Ans. x% + y2 + z2 = b?

7.  Find the equation of the sphere with centre at (0,0,0) and which
passes through the point (0,0, ¢).

Ans. (x —a)’ + (y = B)* + (z—v)* =

Ans. x2 + y? + z% = ¢?

7. Find the equation of the sphere on the join of (a, 0,0) and (0,0, c)
as diameter.

Ans. x? +y2+z2—ax—cz=0

8. (i) Show that the point P(2,1,2) lies on the sphere x? + y? + z% =
9.

(i) Show that the point Q(1,1,—4) lies inside the sphere x? + y? +
z2—6x+4y+4z—-32=0.

(iii) Show that the point R(4,4,7) lies outside the sphere x? + y?% +
z2+2x+2y—4z—19=0.

9. Find the centre and radius of the circle (x — 1)+ (y —2)? +
(z—=3)* =16, x+y+2z—-3=0.

Ans. Centre of the circle = (0,1,2), Radius of the circle = V13

10. Find the equation of the sphere which passes through the point
(a, B,y) and the circle x2+y?+2z2=a%z=0,

Ans. (x2 +y2+z2—a®)y —(a*+ p?+y%—a?)z=0.
11. Find the equation of the sphere for which the circle
x2+y2+2z2+2x—8=0,2x + 2y +z+ 8 = 0isagreat circle.
Ans. x2+y2 4224122 ¥ 2 0
3 3 3 3
12. Find the equation to the plane in which the circle of intersection of
the spheres

x2+y*+z2+7x+16y+9z+18=0 and x*+y%+z>+4x+
y +3z+ 8 =0lies.



Ans.

13.

14.

15.

16.

Ans.

17.

3x+15y+6z+10=0

Prove that the circle (x—4)*+4 (y+2)*+ (z—2)* =36,
x —2y+ 2z =12 isagreat circle.

Show that the equation of the circle whose centre is (0,1,2) and
which lies on the sphere (x — 1)2+ (y —2)2+ (z—3)2 =16 is
(x—1D?+(@y—-2)+(=Z-3)?=16,x+y+z—-3=0.

Show that the line x = y = z intersect the sphere x? + y? + z2 =
2 int (L &L % _4 _* _ 4
a“ at the point (ﬁ,ﬁ,ﬁ) and ( 55 ﬁ).

Show that the line xT"LZ = yT_s = ? is the tangent line of the sphere
x2+y*+2z2+2x—2y—2z—6=0 and find the point of

contact.
(—=2,3,3)

Find the equation of the tangent plane of the sphere x? + y? +
z? + 2x — 2y — 2z — 6 = 0 at the point (—2,3,3).

Ans.x —2y—2z+14=0

18.

Show that the plane x — 2y — 2z + 14 = 0 is a tangent plane of
the sphere

x% +y%+2z% +2x — 2y — 2z — 6 = 0 and find the point of contact..

AnSs.

19.

Ans.

20.

Ans.

21.

Ans.

22.

23.

Ans.

24.

(—=2,3,3)

Show that the plane y = 0 touches the sphere (x —2)%+
(v — 2)? + (z — 2)? = 4 and find the point of contact.

Point of Contact (2,0,2).

Show that the plane z = 0 touches the sphere (x —2)%+
(v — 2)? + (z — 2)? = 4 and find the point of contact.

Point of Contact (2,2,0).

Show that the plane 2x —y — 22 = 16touches the sphere
x2+y2+2z2—4x+2y+2z—3=0, and find the point of
contact.

(4,-2,-3)

Show that the spheres x% + y% 4+ z% + 2x+ 4y + 6z + 7 = 0 and
x?+ y%+z? —4x — 2y + 8z + 9 = 0 are orthogonal.

Find the radical plane of the spheres x? + y2? + z% + 7x + 9y +
7z+8=0andx?+y?+2z2+2x+2y+4z+2=0.

5x+7y+3z+6=0.

Find the equation of the radical axis of the spheres
Si=x?+y?+z224+4x+2y+2z+2=0
S,=x>+y2+z2+2x+y+z+4=0

UGMM-102/165



UGMM-102/166

S;=x?+y2+z2+x+3y—4z—-2=0

Ans.2x+y+z—-2=0=3x—-y+6z+4

4.28
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UNIT-5 CYLINDER

Structure

5.1 Introduction

5.2  Objectives

5.3  Quadratic Equation
5.4 Cylinder

5.5 Equation of a cylinder with given base and generators
parallel to a fixed line

5.6 Equation of a cylinder with given base and generators
parallel to co-ordinate axis

5.7 Enveloping cylinders
5.8 Right-Circular Cylinder
5.9 Ruled Surfaces

5.10 Hyperboloid of one sheet
5.11 Summary

5.12 Terminal Questions
5.13 Further readings

5.1 INTRODUCTION

Definition (Cylindrical Surface) 5.1:

A cylindrical surface is a surface generated by a moving straight line that
continually intersects a fixed curve and remains parallel to a fixed straight
line not coplanar with the given curve. The moving line is the
generator, and the generator in any one of its positions is an element of the
surface.

Figure 5.1 (Cylindrical Surface)
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Definition (Cylinder) 5.2:

A solid bounded by a cylindrical surface and two parallel plane sections
cutting all its elements is called a cylinder.

Definition (Right Section) 5.3:

A right section of a cylinder is made by a plane cutting each of its
elements at right angles.

Definition (Circular Cylinders) 5.4:

A circular cylinder is one whose right section is a circle.

The radius of a circular cylinder is the radius of its right section.
Definition (Right Cylinder) 5.5:

A right cylinder is a cylinder whose elements are perpendicular to the
bases (Fig.5.2).

Fig. 5.2(Right Cylinder) Fig. 5.3 (Oblique Cylinder)

Definition (Oblique Cylinder) 5.6:

An oblique cylinder is a cylinder whose elements are not perpendicular to
the bases (Fig.5.3).

Definition (Right Circular Cylinder) 5.7:

A right circular cylinder is a right cylinder whose base is a circle.

7N
N

N
~_

Fig. 5.4 (Right Circular Cylinder)
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Definition (Oblique Circular Cylinder) 5.8:

An oblique circular cylinder is an oblique cylinder whose base is a circle.

Fig. 5.5 (Oblique Circular Cylinder)

Note 5.1: If a right section of a cylinder is a circle then the cylinder is a
circular cylinder. In more generality, if a right section of a cylinder is
a conic section (parabola, ellipse, hyperbola) then the solid cylinder is said
to be parabolic, elliptic and hyperbolic respectively.

Definition (Axis of a Cylinder) 5.9:

The line passing through the centers of two right sections of a circular
cylinder is the axis of the cylinder.

A right circular cylinder may be generated by revolving a rectangle about
one of its sides as an axis.

5.2 OBJECTIVES

After reading this unit, you should be able to

>
>

>

Understand the quadratic equation in x, y, z.

Understand the cylindrical surface, Cylinder, Right Cylinder,
Oblique Cylinder, Right Circular Cylinder and Oblique Circular
Cylinder.

Find the equation of a cylinder with given base and generators are
parallel to a fixed line

Find the equation of a cylinder with given base and generators are
parallel to a co-ordinate axis i.e. x-axis, y-axis and z-axis.

Define Enveloping Cylinder
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>  Find the equation of the enveloping cylinder to the sphere x? +
y? + z% = a® whose generators are parallel to the line ? = % %

» Find the equation of the enveloping cylinder to the surface
ax? + by? + cz? = 1 whose generators are parallel to the line
r_Y_Z

l m n

»  Find the equation of the enveloping cylinder to the surface
x2 yz 72 _ . x_y _
Sttt = 1 whose generators are parallel to the line T ==

zZ

~
»  Find the equation of a right circular cylinder of radius a whose axis

is the line ? = % = % where |.m,n are the direction
cosines.

»  Find the equation of a right circular cylinder of radius a whose axis

is the line
% = % = % where |.m,n are the direction ratios.

>  Understand ruled surface

»  Understand Hyperboloid of one sheet

5.3 QUADRATIC EQUATION

The general equation of the second degree in X, y, z is given by

ax? + by? + cz* + 2fyz + 2gzx + 2hxy + 2ux + 2vy + 2wz +
d=0

with at least one of the coefficients a, b, c, f, g or h of the second-degree
terms being non-zero.

5.3.1 EQUATION OF CONIC WITH THE
INTERSECTION OF yz-PLANE, zx-PLANE AND
xy-PLANE

(i) Intersection with the yz-plane (x = 0)

ax?® + by? + cz? + 2fyz + 2gzx + 2hxy + 2ux + 2vy + 2wz +
d=0,x=0

or

by? + cz? +2fyz+2vy +2wz+d =0,x=0


https://en.wikipedia.org/wiki/Coefficient

(it) Intersection with the zx-plane (y = 0)

ax?® + by? + cz? + 2fyz + 2gzx + 2hxy + 2ux + 2vy + 2wz +
d=0,y=0

or
ax® +cz?+2gzx + 2ux + 2wz+d =0,y =0
(iii)  Intersection with the xy-plane (z = 0)

ax? + by? + cz? + 2fyz + 2gzx + 2hxy + 2ux + 2vy + 2wz +
d=0,z=0

or

ax® + by? + 2hxy + 2ux + 2vy+d =0,z=0

54 CYLINDER

Definition (Cylinder) 5.10: A cylinder is a surface generated by a
variable line which moves parallel to a fixed line and intersects a given
curve or a touches a given surface.

The moving line is called generator and the curve which it intersect, is
called the guiding curve.

A P(a,B,Y)
z 4 ,
/
4 /
J !
Fixed < 1
Lmn /
/
J !
Generating < / /
/ /
J !
/ | .
T >
/ X
0(0,0,0) / p
/ !
/
-
Guiding
Y
Figure: 5.6

UGMM-102/171



UGMM-102/172

5.5 EQUATION OF A CYLINDER WITH
GIVEN BASE AND GENERATORS
PARALLEL TO A FIXED LINE

Equation of the fixed line OA, passing through the origin O(0,0,0) with
direction cosine I,mn is given by

r_Y_:z
I m n
R (38
Also let the given conic QMN is given by
ax? + by? + 2hxy + 2ux + 2vy + d = 0, z=0

i (5.2)

Let P(a, 3,y) be any point on the surface of cylinder. The equation of
generating line through the point P(«, 3,v) and parallel to the fixed line
OA is given by

x-a __y-B__ z-y
m
TN (S 3¢))
Let the generating line (5.3) meets the plane z = 0in Q
Putting z = 0 in (5.3) we get the coordinate of the point Q

x—a_y-f_0-y

As PQ is the generating line of the cylinder, the coordinate point Q(a -

%, - ? 0) must satisfied the equation of conic (5.2)

a(a=2) +b(p=2) +2n(a-2) (B-2) +2u(a-)+
2v(B-"Y)+d =0
= a(na — ly)? + b(nf — my)? + 2h(na — ly)(nf — my)

+2un(na — ly) + 2vn(nff — my) +
dn?> =0

Hence the locus of P (¢ = x,8 = v,y = z) IS
a(nx — 1z)? + b(ny — mz)? + 2h(nx — lz)(ny — mz)

+2un(nx — lz) + 2vn(ny — mz) +
dn* =0

This is the required equation of cone.



5.6 EQUATION OF A CYLINDER WITH GIVEN
BASE AND GENERATORS PARALLEL TO A
CO-ORDINATE AXIS

Case (i) Generator of the cylinder parallel to the x-axis

Z
A
N
M
T i — -9
Q P(a,B,Y)
»X
0(0,0,0) 1,0,0
Figure: 5.7
Y
Equation of x-axis is given by
r_y_:z
1 0 0
cieiineenn(5.4)
Also let the given conic QMN is given by
by? + cz? + 2fyz + 2vy + 2wz + d = 0, x=0

e (5.5)

Let P(a, 3,y) be any point on the surface of cylinder. The equation of
generating line through the point P(«, 3,y) and parallel to the fixed line
(x-axis) is given by
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x—a _y-B_ z-y
0
cireeinnenn.(5.6)
Let the generating line (5.6) meets the plane x = 0in Q
Putting x = 0 in (5.6) we get the coordinate of the point Q
O-—a_y—-F_z—v
1 0 0
0,8,7)

As PQ is the generating line of the cylinder, the coordinate point Q(0, 3,y)
must satisfied the equation of conic (5.5)

bB%+ cy? +2fBy +2vB+ 2wy +d =0
Hence the locus of P (¢ = x, 8 = y,y = 2) Is
by? + cz* + 2fyz + 2vy + 2wz +d = 0
This is the required equation of cone.

Case (ii) Generator of the cylinder parallel to the y-axis

Y

a

tP(a, B,y)

0,1,0

0(0,0,0)
.

M

Figure: 5.8
Z

Equation of y-axis is given by

e (5.7)



Also let the given conic QMN is given by

ax?® + cz? + 2gzx + 2ux + 2wz +d = 0, y=0
e (5.8)

Let P(a, 3,y) be any point on the surface of cylinder. The equation of
generating line through the point P(c, 3,v) and parallel to the fixed line
(x-axis) is given by

x—a _yB_zv
0
cireeinnen(529)
Let the generating line (5.9) meets the plane y = 0in Q
Putting y = 0 in (5.9) we get the coordinate of the point Q
x—a 0-f z-—y
o 1 0
(a,0,y)

As PQ is the generating line of the cylinder, the coordinate point
Q(a, 0,y) must satisfied the equation of conic (5.8)

aa’? + cy? + 2gya +2ua + 2wy +d =0
Hence the locus of P (¢ = x,8 = v,y = z) IS
ax® +cz? +2gzx + 2ux + 2wz +d =0

This is the required equation of cone.

Case (iii) Generator of the cylinder parallel to the z-axis

Z tP(a, BY)
| |
| |
I |
0,0.1 ' '
| |
| |
| |
| |
i t »X
0(0,0,0)
Q N
M
Figure: 59 UGMM-102/175



Equation of z-axis is given by

r_y_:z
0 0 1
T 1)
Also let the given conic QMN is given by
ax? + by? + 2hxy + 2ux + 2vy + d = 0, z=0

e (5.11)

Let P(a, B,y) be any point on the surface of cylinder. The equation of
generating line through the point P(«, 3,y) and parallel to the fixed line
(z-axis) is given by

e (5.12)

Let the generating line (5.12) meets the plane z = 0in Q
Putting z = 0 in (5.12) we get the coordinate of the point Q

x—a y—pf 0-y
o 0 1
(o, B,0)

As PQ is the generating line of the cylinder, the coordinate point Q(«, 3, 0)
must satisfied the equation of conic (5.11)

ao® + bB% + 2haf + 2ua+ 2vp+d =0
Hence the locus of P (¢ —» x, 8 = v,y = z) is
ax? + by? + 2hxy + 2ux + 2vy +d = 0

This is the required equation of cone.

Note 5.2:

(i) The general equation in x and y i.e. f(x,y) = ax? + by? + 2hxy +
2ux + 2vy + d = 0 represents a cylinder whose generators are parallel to
Z-axis.

In other words f(x,y) = ax?®+ by? + 2hxy + 2ux +2vy +d = 0
represents a cylinder passing through the conic f(x,y) = ax? + by? +
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2hxy + 2ux + 2vy + d = 0, z = 0 with generators parallel to z-axis.

(ii) The general equation in y and z i.e. f(y,z) = by? + cz? + 2fyz +
2vy+2wz+d =0

represents a cylinder whose generators are parallel to x-axis.

In other words f(y,z) = by?+cz?+2fyz+2vy+2wz+d =0
represents a cylinder passing through the conic f(y,z) = by? + cz? +
2fyz + 2vy + 2wz + d = 0, x = 0 with generators parallel to x-axis.

(iii) The general equation in z and x i.e. f(z,x) = ax? + cz? + 2gzx +
2ux + 2wz + d = 0 represents a cylinder whose generators are parallel to
y-axis.

In other words f(z,x)=ax?+cz?+ 2gzx + 2ux +2wz+d =0
represents a cylinder passing through the conic f(z,x) = ax? + cz? +
2gzx + 2ux + 2wz + d = 0, y = 0 with generators parallel to y-axis.

Example 5.1: Find the equation of the cylinder with generators parallel to
the x-axis and passing through the circle x? + y? + z2 = 9,2x = y + z.

Solution: Let P(a, B, y) be any point on the cylinder.

Eq" generator of the cylinder passing through the point P(a,,y) and
parallel to the x-axis, is given by

re_yB_zv_, e ien(5.13)
1 0 0

An arbitrary point on the line is given by (a + 1, 3,v)

As the cylinder passing through the circle x? + y? + z2 = 9,2x = y + z,
the generator of cylinder also passing through the circle.

Let (a + 1, B,v) point satisfy the equation of circle

i.e.
(a+1r)2+B2+v =9 (5.14)
2(0+1)=B4+Y (5.15)
By equation (5.15)
r= m —Qa
2

Putting the value of r = ? — a in equation (5.14), we get

() st

= B2+ vy2 + 2By + 4B% + 4y* = 36
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= 5B2 + 5y? + 2By = 36
Taking locus P (a =» x,8 = v,y = 2)
S5y? + 5z% + 2yz = 36

This is the required equation of cylinder.

Example 5.2:
Find the equation of right circular cylinder passing through the circle

2 2 2
x° + +z-=92x=vy+ z ] ] .
Y Y Direction ratios of Normal

Solution: of the plane are 2,—1,—-1
 —— —)
A
P(a,B,Y)
Sphere x? +y2 +2z2=9
k= T =
Circle/ v \
Plane2x —y—z =10

Figure: 5.10
Given equation of circle
x2+y?+2z2=9
2x—y—z=0
Direction ratios of normal of the plane (2x —y — z = 0) are 2,-1,-1.
The generators of right circular cylinder are parallel to normal of the plane
Let P(a, B,Y) be any point on the cylinder.

Eq" generator of the cylinder passing through the point P(a, B,v) is given
by



An arbitrary point on the line is given by (o + 2r, —r,y — 1)

As the cylinder passing through the circle x? + y? + z2 = 9,2x = y + z,

the generator of cylinder also passing through the circle.
Let (a + 2r, 3 — 1,y — r) point satisfy the equation of circle
e

(a+2r)?+B-D2+(y—-12=9
.(5.17)

2@+ 2r)=B—-r+(y-—-r)
...(5.18)

By equation (5.18)

6r=0F+vy—2a
—r= B+y—2a
6
Putting the value of r = === in equation (5.17), we get

N2
(a+23+26y 40() n (B B+y— Zoc)z +( B+y-— Zoc) —9

= (6a+ 2B+ 2y —4a)* + (6B—B—y+20)* +(6y—B—v+
20)% = 9 x 36

= Qa+2+2y)?+(6B—B—v+20)2+(6y—B—y+20)>°=9
X 36

= 4(a+B+V)*+GB—-y+20)*+ (2a—B+5y)2 =9 %36
= 4(a+B+Yv)?*+ Ra+58—v)?+ (2a — B+ 5y)* = 324

= 4a® + 4B% + 4y* + 8aB + 8By + 8y + 4o + 25B% + y* + 20af —
108y — 4ya + 4a? + B2 + 25y% — 4afy — 108y + 20ya = 324

= 120% + 30B% + 30y? + 24aB — 12By + 24ya = 324
= 2a% + 582 + 5y% + 4af — 2By + 4ya = 54
Taking locus P (a » x,8 = v,y = 2)
2x2 + 5y?% 4+ 5z + 4xy — 2yz + 4zx = 54
This is the required equation of cylinder.

Example 5.3:

UGMM-102/179



Find the equation to the right circular cylinder for its base the circle

X2 +y?+z2=9,x—y+z=3.
Direction ratios of Normal

Solution:
of the planeare 1,—1,1
— —
y N
P(a,B,Y)
Sphere x2 + y2 +z2 =9
= T " —
Circle/ v \
Planex —y+2z =3

Figure: 5.11
Given equation of circle
x2+y*+2z2=9
x—y+z=3
Direction ratios of normal of the plane (x —y + z = 3) are 1,-1,1.
The generators of right circular cylinder are parallel to normal of the plane
Let P(a, B,Y) be any point on the cylinder.

Eq" generator of the cylinder passing through the point P(a, B,v) is given
by

-1

—= =r
eeeeen(5.19)

x—a y—B z-y
1

An arbitrary point on the line is given by (a« + 1, — 1,y + 1)

As the cylinder passing through the circle x? + y2 +z2 =9, x —y + z =
3, the generator of cylinder also passing through the circle.

Let (a + 1, B — 1,y + r) point satisfy the equation of circle

i.e.
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(a+1)?+PB-?+(y+r)?=9
(5.20)

(a+)-B-+(+r) =3
...(5.21)

By equation (5.21)
Ir=3+B-yv—«a

3+B—-y—«

- =
r 3

% in equation (5.20), we get

Putting the value of r = M%

(0(+3+B¥) +(B— 3+BY°‘)2+( +M) =9

= Ba+3+B—-y—a)*+BB-3-B+y+a)*+By+3+p—
y—a)?2=9x%x9

= Qa+B-v+3)*+(a+2B+y—-3)2+ (—a+B+2y+3)*=81
= Qa+B-v+3)?+(a+2B+y—-3)2+ (—a+B+2y+3)?=81
= 40® + B2+ y* + 9 + 4aB — 4ay + 120 — 2By + 6B — 6y + &®
+4B%2+v* + 9+ 4aB + 2 — 6a+ 4By — 128 — 6y + o?
+ B% + 4y* + 9 — 2aB — 4ay — 6a + 4By + 68 + 12y
= 81
= 602 + 6B% + 6y% + 6af — 6ay + 68y = 54
=a?+p2+y*+ap—ay+py=9
Taking locus P (¢ = x,8 = v,y = 2)
X2 +y?+z24+xy—zx+yz=9

This is the required equation of cylinder.

Check Your Progress

1. Find the equation of the cylinder with the generators parallel to x-
axis and passing through the curve ax? + by? = 2z, Ix + my +
nz =p.

Ans. a (wr + by? = 2z.

2. Find the equation of the cylinder with the generators parallel to y- UGMM-102/181
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axis and passing through the curve ax? + by? = 2z, Ix + my +
nz = p.

i 2
Ans.ax* +b (M) =2z.
m
3. Find the equation of the cylinder with the generators parallel to z-
axis and passing through the curve ax? + by? = 2z, Ix + my +

nz =p.

Ans.n(ax* + by*) + 2(Ix+ my —p) =0..

5.7 ENVELOPING CYLINDER

Definition (Enveloping Cylinder) 5.11: It is the cylinder whose
generators are parallel to a fixed line and touch a given surface.

In other words, Enveloping cylinder of a surface is the locus of the tangent
lines to the surface which are parallel to a given line.

5.7.1 EQUATION OF THE ENVELOPING CYLINDER
TO THE SPHERE x? +y%+ z% =a%? WHOSE
GENERATORS ARE PARALLEL TO THE LINE

Let P(a, B,y) be any point on the enveloping cylinder. The generating line
through the point P(a, 3,v) is given by

Any general point on the generating line (5.22) is given by
Qla+1Ir,p +mr,y +nr)

If Q(a + lr, B + mr,y + nr) be the point of intersection of (5.22) and the
sphere

x% + y? + z? = a?, the coordinate of Q must satisfy the equation of
sphere.

Therefore,

(a +Ir)?>+ (B +mr)?> + (y +nr)? = a?




= r’(>+m?+n?) +rQal +2fm+2yn) + (a? + p> +y? —a?) =
0 o (5.23)

Since (5.22) is the tangent of sphere, roots of the equation (5.23) must be
equal.

Therefore,

B?2—4AC =0

= (al +2pm+ 2yn)?> — 4> + m?> + n®)(a®* + %> +y*>—a®>) =0
= (al+pm+yn)> —(P+m?+n?)(a®> +p%+y* —a?) =0
Hence the locus of P (¢ = x,8 = y,y = 2) IS

(Ix+my+nz)? =P +m?>+n?)(x?+y*+2z2—-a?>)=0

= (Ix + my + nz)? = (> + m? + n®>)(x? + y* + z* — a?)

This is the required equation of enveloping cylinder.

5.7.2 EQUATION OF THE ENVELOPING CYLINDER
TO THE SURFACE ax? + by? + cz?> = 1 WHOSE
GENERATORS ARE PARALLEL TO THE LINE

Let P(a, B,y) be any point on the enveloping cylinder. The generating line
through the point P(a, 3,v) is given by

Any general point on the generating line (5.24) is given by
Qla+lr,f +mr,y +nr)
If Q(a + Ir, f + mr,y + nr) be the point of intersection of (5.24) and the

ax? + by? + cz? = 1, the coordinate of Q must satisfy the equation of
surface.

Therefore,

a(a+1r)>+b(B+mr)> +c(y +nr)> =1

= r?(al? + bm? + cn?) + r(2aal + 2bpm + 2cyn) + (aa? + bp? +
cy?=1)=0....(5.25)

Sinc<|a (5.24) is the tangent of sphere, roots of the equation (5.25) must be
equal.
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Therefore,
B? —4AC =0

= (2aal + 2bpm + 2cyn)? — 4(al? + bm? + cn?)(aa® + bp? +
2
cy*—1)=0

= (aal + bfm + cyn)? — (al?> + bm? + cn?)(aa? + bp? + cy? —
1)=0

Hence the locus of P (¢ = x,8 = y,y = 2) IS

(alx + bmy + cnz)? — (al?> + bm? + cn?)(ax? + by*> + cz> — 1) =0
= (alx + bmy + cnz)? = (al?> + bm? + cn?)(ax? + by? + cz?> — 1)
This is the required equation of enveloping cylinder.

5.7.3 EQUATION OF THE ENVELOPING CYLINDER
2 2 2
TO THE SURFACE %+%+j—2 =1 WHOSE
GENERATORS ARE PARALLEL TO THE LINE

z

Let P(a, B,y) be any point on the enveloping cylinder. The generating line
through the point P(a, 3,v) is given by

Any general point on the generating line (5.26) is given by
Qla+1Ir,p +mr,y +nr)

If Q(a + lr, B + mr,y + nr) be the point of intersection of (5.26) and the
2

2 2
surface = +75+7 = 1, the coordinate of Q must satisfy the
equation of surface.

Therefore,

a+ Ir)? + mr)? + nr)?
( k ) +(,3 ) +(V nr) _1
a b? c?

2 (L m  n? 2al | 2pm  2ym) o B2 ¥E 4y
=2+ 4+ D)+r(F+ 2+ )+ (5+5+5- =

2 b2 2 b2 c2

Since (5.26) is the tangent of surface, roots of the equation (5.27) must be
equal.

Therefore,



B2 —4AC =0

2al | 2pm  2ym\* _ (2 om?  n?\ a® By
=:( + +CZ) 4Qﬂ+b2+cJ(a +E 4 _p=o

a2 b2 2 b2 c2

al  pm  yn\? 12 m? n?® ,a® B>  y?
= (+5+5) -G+ (Grath-n=0

a? a? b2 c?

Hence the locus of P (¢ = x, 8 = y,¥y = 2) Is

Ix my nz\’ 12 m? n?\[x?* y? z°
@tte) (@rere)arpra-1)=0
Ix my nz\’ I? m? n?\(x* y* Zz*
= (@t te) =@twra)latrtat

This is the required equation of enveloping cylinder.

Example 5.4: Find the enveloping cylinder of the sphere x? + y? + z? —
x —y + 2z — 2 = 0 having the generators parallel to the line x =y = z,

Solution: Let P(a, B,y) be any point on the enveloping cylinder. The
generating line through the point P(a, 3,v) is given by

X—oa=y—B=z—yY=1r .eiieee......(5.28)
Any general point on the generating line (5.28) is given by
Qla+r,f+ry+1)

If Qwa+r,B+r,y+r) be the point of intersection of (5.28) and the
sphere x2+y*+z2—x—y+2z—2=0,the
coordinate of Q must satisfy the equation of sphere.

Therefore,

(a+1)?+ B+ +GF+r)’2—(a+r)—B+r)+2(r+71r)—2
=0

=3r+rQa+2+2y)+(a*+p2+y?*—a—B+2y—2) =

Since (5.28) is the tangent of surface, roots of the equation (5.29) must be
equal.

Therefore,

B2 —4AC =0
= a+2+2y)?—4x3x(a’?+p*+y*—a—B+2y—-2)=0
= (a@+p+y)*-3(a*+B*+y*—a—B+2y—-2)=0

= a’+ B2 +y%+2aB + 2By + 2ya — 3a? —3B% - 3y* +3a +
38— 6y +6=0
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= —2a%?—2B%—-2y*+2af + 2By + 2ya+3a+3f—6y+6=0
= 2a%+2p%*+2y? —2af — 2By —2ya—3a—3+6y—6=0
Hence the locus of P (¢ = x,8 = y,y = 2) IS

2x% + 2y% +22z% — 2xy — 2yz — 2zx —3x — 3y + 6z — 6 =0

This is the required equation of enveloping cylinder.

Example 5.5: Find the enveloping cylinder of the surface x2 + 2y? +
z? — 2 = 0 having the generators parallel to the line xT_l = yT_s = ?.

Solution: Let P(a,B,y) be any point on the enveloping cylinder. The
generating line through the point P(a, 3,v) is given by

e _y Bz (5.30)

Any general point on the generating line (5.30) is given by
Qla+2r,f +3r,y +71)

If Q(a + 21,8 + 3r,y + r) be the point of intersection of (5.30) and the
surface

x% + 2y% + z%> — 2 = 0, the coordinate of Q must satisfy the equation of
surface.

Therefore,
(a+2r)>+2(B+3r)>+(y+r)>—2=0
= 23r2 +r(4a+ 128+ 2y) + (a? + 2% +y*—2)=0....... (5.31)

Since (5.30) is the tangent of surface, roots of the equation (5.31) must be
equal.

Therefore,

B?—4AC =0
= (4a+ 12 +2y)? —4x23x (a?+2B%2+y?2-2)=0
= Qa+6B+y)2—23(a?+2B*+y*—-2)=0

= 4a% + 36B% + y? + 24af + 12By + 4ya — 23a% — 4682 — 23y% +
46 =0

= —19a? — 1082 — 22y? + 24af + 12By + 4ya + 46 =0
= 19a? + 102 + 22y? — 24af — 128y —4ya — 46 =0
Hence the locus of P (¢ = x,8 = y,y = 2) IS

19x2 + 10y? + 22z% — 24xy — 12yz — 4zx — 46 = 0

This is the required equation of enveloping cylinder.



Check Your Progress

1.  Find the enveloping cylinder of the surface ax?+ by? =2z
having the generators parallel to the x-axis.

Ans. by? = 2z

2. Find the enveloping cylinder of the surface ax? + by? =2z
having the generators parallel to the y-axis.

Ans. ax* =2z .

5.8 EQUATION OF A RIGHT-CIRCULAR
CYLINDER

To find the equation of a right circular cylinder of radius a whose axis is
the line

— == % where I,m,n are the direction cosines.

P(X,, yI, zl)

|
] L mn .
M A(a,B,v)

N\

Eq" axis of cylinder "_T“ = % _zY

T n
Figure: 5.12

AM is the projection of AP on axis of cylinder.

Therefore, AM = (x' —a)l+ (y' = B)m+ (z' —y)n

In Right angled triangle PMA UGMM-102/187
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PM? = PA? — AM?

=a’= X -0’ + @ - B+ -y —{(x' -l +
o' =pm+ (z' —y)n}?

As, I + m?4n? = 1, we have

a? = (¢~ @ + (' = B V)P + mi4n?)
(& =@+ O = pm+ (& —y)m?

By Lagrange's identity
a’?={(x'—a)m— @' - B +{(y' - p)n— (z' —y)m}?
+{EZ -Vl - & —a)n}?

Hence the locus of P (¢ = x,8 = y,y = 2) IS

a? ={(x-—am—- (- PY* +{y - n— (z —y)m}?
+{(z-y)l—(x—a)n}?

or

2o |x—a y’—ﬂ|2+|y—ﬁ z—y|2+|Z—V x—ap?
m m n

l n l
Note 5.3: Equation of a right circular cylinder of radius a whose axis is the
line
— == % where I,m,n are the direction ratios is given by
a(l> + m? + n?)
={x—a)m—- (- +{(y - pIn— (z—yI)m}

+{(z —
ML= (x — a)n}?
or
x—a y=B° y-B z—vy|
az(l2+m2+n2)=| | +| +
l m m n
zZ—y x—0(|2

n l

Example 5.6:

Find the equation to the right circular cylinder of radius 3 and its axis is
the line

x—1 y—-3 z-5
2 2 -1




Solution :

P(a,B,y)

A(1,3,5)

_y-3 z—5

n . . x-1 -3 _z-5
Eq" axis of cylinder — =5 =

Figure: 5.13

Let P(a, B, y) be any point on the cylinder
As shown in the figure
PM =3and AP? = (a— 1)2 + (B — 3)? + (y — 5)?

Now, MA = Projection of AP on the axis = 20 D+2(B-3)-10=5) _

2a+2p3-y-3
3

In right angled triangle APMA,

AP?2 —MA? =9

20 + 28 —y — 3\*
= @12+ B3+ (52— (ZETY ) o
= 9{(a—-1D?*+(B-3)2+(y-5?-QRa+28—-y—-3)>=81

= 9{a?+1—2a+B%>+9—6B+y?+25—10y} — (4a% + 4B? + y?
+ 9+ 8af —4ay — 12a — 4By — 12 — 6y) = 81

= 9{a® + B* +y? — 2a — 6B — 10y + 35} — (4a* + 4B% + y* + 8ap
— 4By —4ay — 12a — 128 — 6y +9) = 81 UGMM-102/189



= 5a% + 582 + 8y% — 6a — 42B — 84y — 8apf + 4By + 4ay + 306
=81

= 5a% + 532 + 8y% — 6a — 423 — 84y — 8af + 4By + 4ay + 225 =0
Hence the locus of P (¢ = x, 8 = y,¥y = 2) Is
5x2 + 5y + 8z% — 8xy + 4yz + 4zx — 6x — 42y — 84z + 225 =0

This is the required equation of cylinder.

Example 5.7:
Find the equation to the right circular cylinder of radius 2 and its axis is
the line
x—1 y+3 z-2
2 -1 5
Solution:
P(a,B,y)

A(1,-3,2)

W

: : -1 y+3  z-2
Eq"axis of cylinder — = >— = ==

-1

Figure: 5.14
Let P(a, B, v) be any point on the cylinder
As shown in the figure

PM =2and AP? = (a—1)2+ (B+3)?+ (y — 2)?

UGMM-102/190



2(a—1)—-1(B+3)+5(y—2) _

Now, MA = Projection of AP on the axis =
224(-1)%+(5)?
2a—f+5y—-15
V30

In right angled triangle APMA,

AP? — MA? = PM?

2

2a—ﬁ+5y—15>
V30

= 30{(a— 1?4+ (B+3)>+(y—2)*}— Ra—p +5y—15)> =120

:>(a—1)2+([3+3)2+(y—2)2—(

= 30{a®+1—20+B%>+9+6B+y?+4— 4y} — (4a® + p? + 25y2
+ 225 — 4af + 20ay — 60a — 108y + 308 — 150y)
=120

= 30{a® + B% + y* — 2a + 6B — 4y + 14} — (4a? + B% + 25y? — 4ap
— 108y + 20ay — 60a + 308 — 150y + 225) = 120

= 26a” + 29B2 + 5y% + 1508 + 30y + 4af + 108y — 20ay + 195
=120

= 26a” + 29B% + 5y? + 4af + 108y — 20ay + 150 + 30y + 75 =0
Hence the locus of P (¢ = x, 8 = y,y = 2) Is

26x% + 29y?% + 5z% + 4xy + 10yz — 20zx + 150y + 30z + 75 =0
This is the required equation of cylinder

Example 5.8 :

Find the equation to the right circular cylinder of radius 2 and having as
axis the line

x—1 y—-2 z-3
2 1 2

Solution: The required equation of right circular cylinder is given by

2092 2 2 ZX—l y—22 y—2 z=3%  1z—3 x—1)
2(2+1+2)|2 1|+|1 2|+|2 ,
4(9) = [{x— 2y + 3} + {2y —z — 1}* + {2z — 2x — 4}?]

36 =x2+4y> +9—4xy — 12y + 6x +4y? + 22 + 1 —4yz+ 2z — 4y
+ 4z% + 4x% + 16 — 8zx + 16x — 16z

5x2 + 8y? + 5z% — 4xy — 4yz — 8zx + 22x — 16y — 14z — 10 = 0.
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Example 5.9: Find the equation of right circular cylinder of radius 2 and
its axis passes through the point (1,2,3) and direction ratios are 2,—3,6.

Solution: Equation axis of right circular cylinder is given by

x—1 y—-2 z-3
2 =3 6

The required equation of cylinder is given by

22{2%2 4+ (—3)? + 6%}
_|x—=1 y—22 y—2 z—=3" , 1z—3 x—1)*
_|2 —3|+|—3 6|+|6 2
196 = (—3x— 2y + 7)? + (6y + 3z — 21)? + (2z — 6x)*?

196 = 9x% + 4y% + 49 + 12xy — 28y — 42x + 36y? + 9z + 441
+ 36yz — 126z — 252y + 4z? + 36x% — 24zx

45%x% 4+ 40y? + 1322 + 12xy + 36yz — 24zx — 42x — 280y — 126z
+294 =0

Check Your Progress

1. Prove that equation of right circular cylinder of radius 'r' and axis is
the x-axis is y? + z2 = r2,

2. Prove that equation of right circular cylinder of radius 'r and axis is
the y-axis is x% + z% = r2.

3. Prove that equation of right circular cylinder of radius 'r" and axis is
the z-axis is x2 + y? = r2,

5.9 RULED SURFACE

Definition (Ruled Surface) 5.12: Ingeometry, asurface Sisruled if
through every point of S there is a straight line that lies on S.

It therefore has a parameterization of the form

x(u,v) = b(u) + vé(u)



https://en.wikipedia.org/wiki/Geometry
https://en.wikipedia.org/wiki/Surface_(mathematics)
http://mathworld.wolfram.com/OftheForm.html

where b is called the base curve and 8 is director curve. The straight lines
themselves are called rulings.

Example 5.10: Parameterization of Hyperboloid of one Sheet

x = a (cosu—vsinu),y =b (sinu+vcosu),z=cv

b (sinu + v cosu) b sinu b cosu
cv 0 c

a (cosu — v sinu) acosu —a sinu
and
x = a (cosu+vsinu),y =b (sinu—vcosu),z=cv

b (sinu — v cosu) b sinu —b cosu
cv 0 c

a (cosu + v sinu) acosu a sinu
- [o sy oo
are two parameterizations of Hyperboloid of one sheet.
Definition (Doubly Ruled Surface) 5.13:

A surface that contains two families of rulings is known as doubly ruled
surface.

The plane, Hyperbolic Paraboloid and Hyperboloid of one Sheet are
doubly ruled surface.

5.10 HYPERBOLOID OF ONE SHEET

The standard equation of a hyperboloid of one sheet is given by

A general point on line is (Ir, mr, nr)

2 2 2
(Ir) (mr) _ (nr) —1=7r=4 1

a? b? c? - [z +mz n2
a?’ bz 2

A line passing through the origin cut the surface (5.32) at two points
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l m n ) and Q(

le m2 n2’ \/12 m2 n2’ \/ 12 m2 n2
, , ,
a2 b2 2 \a2 b2 2 \a? b? 2

-1 -m -n )
le mZ n2’ \/12 m2 n2’ \/ 12 m2 n2
, , ,
a2 b2 2 \a2 b2 2 \a? b? 2

Obviously origin is the middle point of the Chord PQ.

P(

Hence, the origin is the centre of the surface as every chord passing
through the origin is bisected at the origin.

In other words, If P(a,,y) be any point on the surface (5.32) then the
point Q(—a,—pB,—y) will also lie on the surface. This shows that the
origin 0O(0,0,0) is the middle point of chord PQ. This shows that all the
chord of the surface which passes through the origin have their middle
point at the origin. Hence the surface (5.32) has a centre at origin.

(P2) The intercepts of the hyperboloid of one sheet with the X, y, z-axes.

(i) If the surface (5.32) meets the x-axis, puty = 0and z = 0

x2 0 0
We get, ;-I—;—C—Z:l
x2

=x=a,—a

Hence the surface (5.32) meets the x-axis at the points A(a,0,0) and
A'(—a,0,0).

(ii) If the surface (5.32) meets the y-axis, putx = 0and z = 0
2
we get, %+2’—2—C%= 1
y2

Hence the surface (5.32) meets the y-axis at the points B(0,b,0) and
B'(0,—b,0).

(iii) If the surface (5.32) meets the z-axis, putx = 0andy = 0

0 0o z?
Weget, ;-I_ﬁ_c_zzl
2
z
_C_2=1
= z2 = —¢?



which admits no real solution for real c.
Hence the surface (5.32) does not meet the z-axis.

(P3)The traces of the Hyperboloid of one sheet are ellipses in the xy-
plane
x% y

2
—t2= 1 for z = 0(xy — plane)

hyperbolas in xz-plane

2

x 72
primbe 1 fory = 0(xz — plane)

a?
hyperbolas in xz-plane

ZZ

eimbrh 1 forx = 0(yz — plane)

(P4) The Hyperboloid of one sheet is symmetrical about the three co-
ordinate planes. These are the principal planes and the co-ordinate axes are
the principal axes of the Hyperboloid of one sheet.

(P5) The section of the Hyperboloid of one sheet by the plane z = k is
the ellipse given by

2 2 2
L =1+5z=k

az ' pz
Thus it is an ellipse whose centre is on z-axis.

For, k = 0, it is called the principal ellipse.

The section of the Hyperboloid of one sheet by the plane y = k is the
hyperbola given by

The section of the Hyperboloid of one sheet by the plane x = k is the
hyperbola given by

z? k?
b2 2 a?’

x=k

(P6) Hyperboloid of one sheet is not a bounded surface.
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»
>

ZI

Figure: 5.15

5.11 SUMMARY

We conclude with summarizing what we have covered in this unit.

>

>

Quadratic equation in x,y,z.

Definition of cylindrical surface, Cylinder, Right Cylinder,
Oblique Cylinder, Right Circular Cylinder and Oblique Circular
Cylinder.

Find the equation of a cylinder with given base and generators are
parallel to a fixed line

Find the equation of a cylinder with given base and generators are
parallel to a co-ordinate axis i.e. x-axis, y-axis and z-axis.

Define Enveloping Cylinder

Find the equation of the enveloping cylinder to the sphere x2 +
y% + z% = a® whose generators are parallel to the line %z % =

zZ

n



» Find the equation of the enveloping cylinder to the surface
ax? + by? + cz? = 1 whose generators are parallel to the line
r_Yy_:z
I m n

»  Find the equation of the enveloping cylinder to the surface
x2 yz 22 _ i x_y _
? tat== 1 whose generators are parallel to the line T ==
;.

»  Find the equation of a right circular cylinder of radius a whose axis
is the line ? = % = Z;—y where I,m,n are the direction cosines.

»  Find the equation of a right circular cylinder of radius a whose axis
is the line ? = % = Z;—y where I,m,n are the direction ratios

»  Ruled surface

»  Hyperboloid of one sheet

5.12 TERMINAL QUESTIONS

1. Find the equation of the cylinder with the generators parallel to x-
axis and passing through the circle x? + y? +z% =a?, Ix +
my +nz = p.

v 2
Ans. (M) + y% + z% = a?.
l

2.  Find the equation of the cylinder with the generators parallel to y-
axis and passing through the circle x? +y? +z% =a?, Ix +
my +nz =p.

i 2
Ans. x* + (M) + z% = a?.
m

3. Find the equation of the cylinder with the generators parallel to z-
axis and passing through the circle x? + y? +z% =a?, Ix +
my +nz =p.

2 2 p-lx-my\2 _ 5
Ans.x“ +y +( - ) =a“.
4.  Prove that equation of the cylinder passing through the curve

x?+y?=1,z=0 with the generators parallel to the line
X _ y _ Z

1 2 3
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5.  Find the enveloping cylinder of the surface ax? + by? + cz? =1
having the generators parallel to the x-axis.

Ans. by? + cz* = 1.

6.  Find the enveloping cylinder of the surface ax? + by? + cz? =1
having the generators parallel to the y-axis.

Ans. ax* + cz2 =1.

7. Find the enveloping cylinder of the surface ax? + by? + cz? =1
having the generators parallel to the z-axis.

Ans. ax? + by? = 1.

8.  Find the equation of right circular cylinder of radius 2 and its axis
is the line

x-1 y-2 z-3
2 1 2

Ans. 5x? +8y%* +5z% —4xy — 4yz — 8zx + 22x — 16y — 14z —
10 =0.

9.  Find the equation of right circular cylinder of radius 2 and its axis
passes through the point (1,0,0) and its direction ratios are 2,1,3.

Ans. 10x? + 13y% + 522 — 4xy — 6yz — 12zx — 20x + 4y +
12z-10 = 0.

5.13 FURTHER READINGS

1.  Analytical Solid Geometry by Shanti Narayan and P.K. Mittal,
Published by S. Chand & Company Ltd. 7th Edition.

2. A text book of Mathematics for BA/B.Sc Vol 1, by V Krishna
Murthy & Others, Published by S. Chand & Company, New Delhi.

3.  Atext Book of Analytical Geometry of Three Dimensions, by P.K.
Jain and Khaleel Ahmed, Published by Wiley Eastern Ltd., 19909.

4. Co-ordinate Geometry of two and three dimensions by P.
Balasubrahmanyam, K.Y. Subrahmanyam, G.R. Venkataraman
published by Tata-MC Gran-Hill Publishers Company Ltd., New
Delhi.

5.  Plane and solid Geometry by C.A. Hart, Published by Forgotten
Books 2013.

6. The Project Gutenberg EBook of Solid Geometry with Problems
and Applications by H. E. Slaught and N. J. Lennes, 2009
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UNIT-6 THE CONE

Structure

6.1
6.2
6.3
6.4
6.5

6.6

6.7

6.8

6.9

6.10
6.11
6.12
6.13
6.14
6.15
6.16
6.17
6.18
6.19

Introduction

Objectives

Equation of a cone with vertex as origin
Illustrative Examples

Condition for the general equation of second degree to
represent a cone

Equation of a cone with given conic for base
[llustrative Examples

The angle between the lines in which a plane cuts a cone
Three mutually perpendicular generators of a cone
[llustrative Examples

The tangent line and the tangent plane

The condition of tangency

Reciprocal cone

Enveloping cone

Right circular cone

[llustrative examples

Summary

Self assessment questions

Further readings

6.1

INTRODUCTION

You have studied the mensuration of solids earlier in school where

you calculated the volume and the surface area of some specific kind of
cones, i.e. the solid right circular cones. In this unit, we shall study the
general definition of a cone and derive its equation. In the next unit, you
will come to know that the surface of a cone is a particular case of some
more generalized surfaces called conicoids. We shall begin this unit by
first defining a cone and deriving the equation of a cone whose vertex is
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the origin. Then we shall obtain the condition for the general equation of
second degree to represent a cone, equation of a cone with given conic for
base and the angle between the lines in which a plane cuts a cone. We
shall also discuss whether a cone could have three mutually perpendicular
generators. The concepts like tangent lines, tangent planes and the
condition of tangency are important as you have already seen in case of
sphere. We shall discuss these concepts for the surface of a cone. We shall
also study reciprocal cone, enveloping cone and right circular cone in this
unit. Let us begin with the definition of the surface cone-

Definition: A cone is a surface generated by a moving straight line
passing through a fixed point and intersecting a given curve or touching a
given surface.

The fixed point is called the vertex and the given curve (or surface) is

called the guiding curve (or guiding surface). The variable straight line is
called the generator (or the generating line) of the cone.

V(vertex) Generator

Guiding curve

A cone which is represented by an equation of second degree is called a
guadratic (or quadric) cone. Any straight line other than the generators
intersects a quadric cone in two points.

6.2 OBJECTIVES

After reading this unit, you should be able to
o Define a cone
e  Obtain the equation of a cone with vertex as origin
o Derive the condition for the general equation of second degree to

represent a cone
UGMM-102/204



e  Obtain the equation of a cone with a given conic for base

o Understand how a plane through the vertex cuts the cone and to
determine the angle between the lines in which a plane cuts a cone

o Find the condition when a cone has three mutually perpendicular
generators

o Discuss the tangent line and the tangent plane
o obtain the condition of tangency

o derive the equations of reciprocal cone, enveloping cone and a
right circular cone

6.3 EQUATION OF A CONE WITH VERTEX AS
ORIGIN

Let us obtain the equation of a quadric cone which has origin as its vertex.
Let the quadric cone be represented by the following equation of second
degree

F(x,y,z) = ax® + by? + cz? + 2fyz + 2gzx + 2hxy + 2ux + 2vy
+2wz+d =0 ....(1)

Let P(x',y',z") be any point on the cone. Then the equations of the
generator joining the origin 0(0,0,0) and P(x',y’,z") are

X =l—£—r(say) e (2)

x' y' 7z
This generator OP lies wholly on the cone represented by (1). Any point Q
on this generator may be given by (rx’,ry’,rz"). The points P(x',y’,z")
and Q(rx',ry’,rz") must satisfy equation (1). Hence we have
F(x',y',z')=ax?> + by'? + cz'> + 2fy'z' + 2gz'x" + 2hx'y’ + 2ux’
+2vy' +2wz'+d =0 ...(3)

and F(rx',ry’,rz")
=r2(ax? + by'? + cz'* + 2fy'z' + 2gz'x" + 2hx'y")

+2r(ux’' +vy' +wz')+d =0 .....(4)

Equation (4) is an identity as it is true for all values of r. Therefore the
coefficients of 72, and the constant term must vanish separately, i.e.

ax'> + by'* + cz'?> + 2fy'z' + 2g9z'x' + 2hx'y’' =0 .......(5)

ux'+vy'+wz' =0......(6)
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and d = 0.

Equation (6) shows that if u,v and w are not all zero, then the locus of
P(x',y', z") will be the plane ux + vy + wz = 0. But this is against our
assumption that the point P lies on the cone. Therefore we must have
u=0,v=0,w=0. Also we have d = 0, hence equation (1) gives

ax? + by? + cz? + 2fyz + 2gzx + 2hxy =0 .......(7)

This is a homogeneous equation of the second degree and represents a
quadric cone with vertex as origin.

Conversely, if we are given a general homogeneous equation of
second degree in x,y and z, then we can show that this represents a
quadric cone with vertex as origin.

Suppose we are given equation (7). If a point P(x’,y’,z") lies on the
surface represented by (7), then

ax'?> + by'? + cz'? + 2fy'z' + 2gz'x' + 2hx'y' =0
Therefore, for all values of r, we have
a(rx)2+by)? +c(rz)2 + 2f(ry)(rz') + 29(rz")(rx")

+2h(rx")(ry’) =0

This shows that if P(x',y’, z") lies on (7), then (rx',ry’,rz") also lies on
it. Therefore all the points on the line OP lies on the surface given by (7).
Thus equation (7) represents a surface which is generated by the lines
passing through the origin, i.e. equation (7) represents a cone with origin

as its vertex. Therefore every homogeneous equation of second degree
always represents a quadric cone with vertex at the origin.

You can check for yourself that a homogeneous equation of any degree
represents a cone through the origin.

Deduction Let the equation of a cone with vertex as origin be given by
F(x,v,z) = ax® + by? + cz? + 2fyz + 2gzx + 2hxy = 0
Let the equations of a generator be

x y z
l:—:—(:r)
m n

Any point on this line will be (Ir, mr,nr). These coordinates must satisfy
the equation F(x,y,z) =0 for all values of r i.e. F(lr,mr,nr) =0.
Therefore



al?r? + bm?r? + cn?r? + 2fmnr? + 2gnlr? + 2hlmr? = 0
or al?+ bm?+ cn? + 2fmn + 2gnl + 2him = 0
which is the same as F(l,m,n) = 0. Thus the direction cosines of the

generator satisfy the homogeneous equation of the cone with vertex at the
origin.

6.4 ILLUSTRATIVE EXAMPLES

Example 6.4.1 Find the equation of the cone whose vertex is (0,0,0) and
which passes through the curve given by Ix + my + nz = p,ax? + by? =
2z

Solution Remember if the guiding curve is given by two equations in
which one equation is of first degree, then the equation of the cone is
obtained by making the other equation homogeneous with the help of the
first equation. So here we have

lx+my+nz_1

andix +my+nz=p or »

.(9)

Making equation (8) homogeneous with the help of (9), we get the
required equation of the cone with the vertex at origin as

Ix+my+nz
ax? + by? = 2z (_y)
p
or p(ax? + by?) = 2z(lx + my + nz)

Example 6.4.2 Find the equation of the cone whose vertex is (0,0,0) and
which passes through the circle given by x? + y2 + z2 + x — 2y + 3z —
4=0x—y+z=2

Solution We have

x2+y*+z2+x—-2y+3z—4=0 .......(10)
xX—y+z
x=y+z=2 o0 —Z——=1 ...(1D

Making equation (10) homogeneous with the help of (11) we have
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2

x—y+z>_4(x—y+z> ~0

x2+y2+zz+(x—2y+3z)( 5 >

or x2+2y2+3z°+xy—yz=0

Example 6.4.3 Find the equation of the cone passing through the
coordinate axes.

Solution Let the equation of the cone be given by
F(x,y,z) = ax® + by? + cz? + 2fyz + 2gzx + 2hxy = 0

Since the dc’s of the coordinate axes are 1,0,0; 0,1,0 and 0,0,1, hence
they must satisfy the equation F(x,y, z) = 0. Therefore

a.l1+b.0+c.0+2f.00+29.014+2h.1.0=0
a.0+b.1+c.0+2f.1.0+29.0.0+2h.01=0
a.0+b.0+c.1+2f.01+29.1.0+2h.00=0

Which give a = 0,b = 0,c = 0. Hence the required equation of the cone
becomes

04+0+4+0+2fyz+2gzx +2hxy =0

or fyvz+gzx+hxy =0

6.5 CONDITION FOR THE  GENERAL
EQUATION OF SECOND DEGREE TO
REPRESENT A CONE

Let a cone be represented by the following equation of second degree
F(x,y,z) = ax® + by? + cz? + 2fyz + 2gzx + 2hxy + 2ux + 2vy
+2wz+d =0 .... (12)

Let (a,B,y) be the vertex of the cone. Shifting the origin to the vertex
(a, B,y), the equation of the cone becomes

a(x+a)* +b(y+p) +cz+y)* +2f(y+B)(z+V)
+29(z+y)(x+a)+2h(x+a)(y+B) +2ulx + a)
+2v(y+B)+2w(z+y)+d=0

orax? + by? + cz? + 2fyz + 2gzx + 2hxy + 2x(aa + hf + gy + u)



+2y(ha + bB + fy +v) + 2z(ga + fB + cy + w)
+(aa® + bB% + cy? + 2fBy + 2gya + 2haf + 2ua + 2vp + 2wy +
d)=0

(13) Now (13) represents a cone with vertex at the origin and therefore it
must be a homogeneous equation of second degree in x,y, z. Hence the
coefficients of x, y, z and the absolute term must vanish separately, i.e.

ac+hf+gy+u=0 ......(14)
ha +bf + fy+v=0 ......(15)
ga+ff+cy+w=0 ......(16)

aa? + bp? + cy? + 2fBy + 2gya + 2haf + 2ua + 2vp + 2wy + d =

Equation (17) can be written as
a(aa +hB + gy +uw) +Lha +bB + fy +v) +y(ga+ fB+cy +w)
+(ua+vB+wy+d)=0
Using (14), (15) and (16) we get
ue+vf+wy+d=0 ......(18)

Eliminating «, 8, y between (14), (15), (16) and (18), we have

a h 9 u

h b f v|_

g f ¢ W—O ...... (19)
u v w d

This is the required condition that equation (12) represents a cone.

The coordinates (a, 8,y) of the vertex can be obtained by solving any
three of the equations (14), (15), (16) and (18).

There is an easy way to obtain the coordinates of the vertex. First make
equation (12) homogeneous by introducing a fourth variable ‘t’. Let

F(x,y,z,t) = ax® + by? + cz? + 2fyz + 2gzx + 2hxy + 2uxt + 2vyt
+2wzt + dt?> =0

Then you will observe that
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oF
a=0:>ax+hy+gz+ut=0

oF
@=O=hx+by+fz+vt=0

oF
£=0=>gx+fy+cz+wt=0

and

oF

E=02>ux+vy+wz+td=0

Putting t = 1, we get the equations

ax+hy+gz+u=0hx+by+fz+v=09x+fy+cz+w
=0,ux+vy+wz+d=0

If x =a,y = [,z =y is the solution of any three of the above equations,
then this solution must satisfy the remaining fourth equation also.

So the working rule for solving numerical problems is simple.

1. Make the equation homogeneous by introducing a fourth variable ‘t’

2. Solve the equations (Z—z)tzl =0, (Z—Dt=1 =0, (Z—Z)tzl =0

3. If the solution thus obtained satisfies (%) = 0, then this solution
t=1

gives the vertex of the cone represented by F(x,y, z) = 0.

6.6 EQUATION OF A CONE WITH GIVEN
CONIC FOR BASE

Suppose we are given the following conic in xy-plane
ax? + 2hxy + by* + 2gx + 2fy +c=0,z=0.....(20)

Now we shall find the equation of a cone whose vertex is given as
(a, B,y) and base the conic given by (20).

The equations of any straight line through the vertex (a, 8, y) are

x—a_y-f _z-vy
I  m  n

e 21

This line (21) meets the plane z = 0 (xy-plane) at the point given by



x—a_y—B_0-y
I m  n

,z=10

ly my
.e. x=a——,y=f—-———,2=0
i.e. x=a y=p z

.- ly my
Hence the point is (a — ;,ﬁ -, 0).

If equations (21) represent the generator of the cone with base given by
(20), this point must lie on (20). i.e.

ofa-) +ar(o-D)e- T o5 v 20(e-)
+2f (-2E)+c=0 ...(22)

The required equation of the cone, i.e. the locus of the line (21) can be
obtained by eliminating [, m, n between (21) and (22).

From (21), we have

)

I x—a m y-—p
n z-—y n

Substituting these values in (22), we have

ole- G vl G- =9

role- (G5} +asfe- G

+2f{ﬁ—(%)y}+c=0

After simplification we get
a(az —yx)? + 2h(az — xy)(Bz — yy) + b(Bz — vy )?
+2g(az —xy)z—v)+2f(Bz—yy)(z—y) +c(z—y)* =0

This is the required equation of the cone with vertex (a,8,y) and base
given by (20).

6.7 ILLUSTRATIVE EXAMPLES

Example 6.7.1 Prove that

2 2 4 cz2 + +d=
ax®+by-+c 2ux + 2vy + 2 0



UGMM-102/212

o u? | v?
represents a cone if —+=—+=—=d

Solution Let (a, 8,v) be the vertex of the cone. Shifting the origin to the
vertex (a, 8,v), the equation of the cone becomes

alx+a)?+b(y+ B2 +c(z+y)*+2ulx +a) + 2v(y + B)
+ 2w(z +y)

+d=0
orax? + by? + cz? + 2x(aa + u) + 2y(bp + v) + 2z(cy + w)
+(aa? + bB% + cy? + 2ua + 2vp + 2wy +d) = 0....(23)

If this equation represents a cone, it must be a homogeneous equation of
second degree in x,y, z. Hence the coefficients of x,y, z and the absolute
term must vanish separately, i.e.

ac+u=0bf+v=0,cy+w=0 ......(24)
and aa?+ bB?+cy? +2ua+2vp + 2wy +d =0.....(25)

From (24) we have

Example 6.7.2 Find the equation of a cone whose vertex is the point
(a, B,y) and whose generating lines pass through the conic

xz yz
E-I—ﬁ:l,Z:O

Solution Any line through (a, 8, y) is given by

x—a_y—f_z-y
I  m  n

e (26)

This line (26) meets the plane z = 0 at the point given by



.- ly my
Hence the point is (a — ;,ﬁ -, 0).

If equations (26) represent the generator of the cone, this point must lie on
2

X y
E-I—ﬁ:l,Z:O

Hence we have

or b2(an —yD? + a?(fn —ym)? = a?b?*n? .....(27)
Eliminating [, m, n between (26) and (27) we get

ba(z —y) —y(x - P +a* Bz 1) —y(y — )Y =
a?b*(z —y)?

or b?2(az —yx)? + a®>(Bz — yy )? = a?b?(z — y)?
This is the required equation of the cone.
Example 6.7.3 Prove that the equation
4x% —y2 + 222 —3yz+2xy+12x — 11y + 6z+4 =0
represents a cone. Find the coordinates of its vertex.

Solution Let us make the equation homogeneous by introducing variable
t. Let

F(x,y,2,t) = 4x* — y? + 22% — 3yz + 2xy + 12xt — 11yt + 6zt
+4t2 =0

Now

oF oF
— =8x+ 2y + 12¢, — = -2y + 2x — 3z — 11¢,

0x dy
6F_4 3y + 6t 6F_12 11y + 6z + 8t
97 AT Y TOL G T X T Ay

Putting t = 1 and equating to zero, we get
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8x+2y+12=0....(28)
—2y+2x—3z-11=0...(29)
47 —3y+6=0 ...(30)
12x— 11y +6z+8=0 ..... (31)
Solving (28), (29) and (30) we get x = -1,y = =2,z = —3.
You can see that this solution satisfies (31) as
12(-1) = 11(=2) + 6(=3) +8 =10

Hence the given equation represents a cone with vertex (—1, —2, —3).

Example 6.7.4 Show that the lines drawn through the point (a,B,y)
whose d.c.’s satisfy the relation al? + bm? + c¢n? = 0 generate the cone

alx—a)2+b(y—B)?*+c(z—y)*=0

Solution Equations of any line through (a,f,y) with dc’s [,m,n are
given by

x—a_y-f _z-vy
I m  n

e (32)

It is given that the dc’s satisfy the equation
al? +bm? +cn?=0.... (33)

Eliminating [, m, n between (32) and (33), we get the equation of the cone
as

alx—a)2+b(y—B)?*+c(z—y)*=0

Example 6.7.5 The plane §+%+§= 1 meets the coordinate axes in

A, B, C. Prove that the equation to the cone generated by lines through O to
meet the circle ABC is

<b+c>+ (a+c)+ (a+b)—0

yz c b 2 c a Xy b a

Solution First of all we shall find the equations of the circle through
A, B, C. Obviously the coordinates of 4, B, C are (a, 0,0), (0, b, 0), (0,0, c)
respectively. From your study of sphere you know that the equation of the
sphere through 0,4, B, C is



x2+y?+z2—ax—by—cz=0
Therefore the equations of the circle ABC are given by

X VA
xz +y2 +Z2_ax_by—CZ=0’E+%+E=1 .......(33)

We make the first equation homogeneous with the help of the second
equation as follows

2 402 4 52 A
x“+y“+z (ax+by+cz)(a+b+c) 0

. <b+6)+ (a+c)+ <a+b>_0
|.e.yzcb zxcaxyba—

Example 6.7.6 Find the equation of the cone whose vertex is (1,2,3) and
guiding curve isthecircle x? + y2 + z? = 4,x+y+z=1

Solution Any straight line through (1,2,3) can be given by

x=1 y—-2 z-3

l — =r (say) .....(34)

The equations of the circle are
x2+y*+z°=4x+y+z=1 .....(35)

Any point on (34) is (Ir + 1, mr + 2,nr + 3). If the line (34) meets the
circle (35) in this point, then

(Ir+ 12+ (mr+2)22+mr+3)?2=4 ......(36)
(Ir+D)+(mr+2)+(nr+3)=1 .... (37)
From (37) we have
-5
r=—-
l+m+n
Putting this value in (36) we get
—51 2 —5m 2 —5n 2
(o +1) +(om+2) + (e +3) =4
l+m+n [+m+n l+m+n
or (im+n—402%+ (2l —3m+2n)? + (31 + 3m — 2n)?
=4(+m+n)? ...(38)

Eliminating [, m,n between (34) and (38), i.e. replacing [, m,n in (38) by
(x —1),(y — 2) and (z — 3) respectively, we have

+z—4x—1)%?+Q2x—3y +2z—2)?2+ (3x + 3y — 2z — 3)?
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=4(x+y+z—6)>
or 5x%+3y?+z%2+4+6yz—4zx —2xy+6x+8y+10z—26=0
This is the required equation of the cone.

Example 6.7.7 Show that cone of the second degree can be found to pass
through two sets of rectangular axes through the same origin.

Solution Let the first system of rectangular axes consist of the coordinate
axes and the second one consist of rectangular axes with dc’s l;, mq, ny;
l,,my,ny; 13, mg, ns.

We know that the equation of the cone through the coordinate axes is
given by

fyz+gzx+hxy =0 ... (39)

Now the dc’s of the lines must satisfy the homogeneous equation (39). For
the first two lines with dc’s I, my,n, and l,, m,, n,, we have

fmny + gnily + hlymy =0 .....(40)
fmyn, + gnyl, + hi,m, =0 .....(41)
Adding (40) and (41), we get
fmyn, + myn,) + gy ly +nyly) + h(lymy + 1bm,) =0 ... (42)
Since the axes are rectangular, we have

l1m1 + lzmz + l3m3 = 0, ming + myn, + msgng = 0, n1l1 + nzlz +
n3l3 S 0

= llml + lzmz = _l3m3, mlnl + mznz = —m37’l3, nlll + nzlz =
—nzl3

Hence (42) becomes
—flzmz — gmznz — hnzl; =0
or fl3m3 + gm3n3 + hn3l3 == O

This shows that the third axis with dc’s I3, m3, n3 also lies on the cone.
Hence the result.

6.8 THE ANGEL BETWEEN THE LINES IN
WHICH A PLANE CUTS A CONE

We shall find the angle between the lines in which the plane



ux +vy+wz=0 .... (43)
cuts the cone

F(x,y,z) = ax? + by? + cz® + 2fyz + 2gzx + 2hxy = 0 ..... (44)

Plane

Since the cone (44) has the vertex at the origin and the plane (43) also
passes through the origin, hence the line of intersection will pass through
the origin. The equations of this line of intersection can be given as

x Yy

Z
T:E:H:r(say) B €25

Any point on this line will be (Ir, mr, nr). This point must lie on the plane
(43) and the cone (44). Hence

ulr+vmr+wnr=0o0r ul+vm+wn=0.... (46)
and r2(al? + bm? + cn? + 2fmn + 2gnl + 2hlm) = 0

ie. al®’+bm?+cn?+2fmn+2gnl+ 2hlm =0 .....(47)

. (vm+wn)

From (46) we have [ = . Putting this value in (47) we get

2

vm + wn vm + wn

a% + bm? + cn? + 2fmn — Zgng
2k (vm + wn)

— m———=

my 2 m
2 2 _ — — 2y (—
or (av® + bu® — 2huv) (n) + 2(avw — uvg — uhw + fu*) (n)

ux +vy+wz=20
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+(aw? + cu® — 2guw) =0 .....(48)

This is a quadratic equation in (m/n) and it shows that the plane (43) cuts
the cone (44) in two lines. Let [, m,,n, and [,, m,, n, be the dc’s of these

lines. Thus the equation (48) will have two roots- (m;/n,;) and (m,/n,)
(say). Therefore

m; my 2(avw — uvg — uhw + fu?)
2o A (49)
n, ny (av? + bu? — 2huv)
m; m aw? + cu? — 2guw
and my M _( guw)

n, n, - (av? + bu? — 2huv)

mim, nin,

or (aw? + cu? — 2guw) - (av? + bu? — 2huv)

By symmetry we can write

L1, mpm,

(cv? + bw? — 2fvw) - (aw? + cu? — 2guw)
nn;

- (bu? + av? — 2huv) (50)

From (49) we have

myn, + myny 2(avw — uvg — uhw + fu?)
nn, B (av? + bu? — 2huv)
myn, + myn, nyn,
or

—2(avw — uvg — uhw + fu?) - (av? + bu? — 2huv)
mim,

- (aw? + cu? — 2guw)

= A (say), using (50)

NOW (mlnz - mznl)z S (mlnz + mznl)z - 4m1m2n1n2

= 42%(avw — uvg — uhw + fu?)?
— 42%(aw? + cu? — 2guw)(av? + bu? — 2huv)

= 4)%w?p?
a h 9 u
o _|h b f v
Where P~ = g f ¢ ow
u v w 0



Hence we have myn, —myn; = £2AwP. Similarly nyl, — n,l; =
iZAuP and llmz - l2m1 = iZAUP

If 8 is the angle between the lines in which the plane (43) cuts the cone
(44), then

\/(nllz —nxl)?% + (Iymy — Imy)? + (myn, — myn,)?

L, +mm, +nn,

tan @ =

~ VAIZuZP? + 472v2P? + 422w P2
~ Acv? + bw? = 2fvw) + A(aw? + cu? — 2guw) + A(bu? + av? — 2huv)

2P (u? 4 v?% + w?)1/2
(a+b+c)W?+v?2+w?)—F(u,vw)

or tanf =

Corollary 1. Condition of perpendicularity

If the lines are perpendicular, we have 6 = g and hence

tanf = oo
= @@+b+c)W?+v*+w?)—Fu,v,w)=0
= @+b+c)W?+v:+w?) =F{u,v,w)
Corollary 2. Condition of tangency of a plane and a cone
The plane (43) touches the cone (44), if the lines are coincident.
i.e. & =0 and hence
tanf =0

= 2P(u? + v+ w2 =90

=P=0

a h 9 U
| b f v|I_,

ngW

u v w 0

= Au? + Bv? + Cw? + 2Fvw + 2Gwu + 2Huv = 0

Where A, B, C,F, G, H are the cofactors of a, b, c, f, g, h respectively in the
determinant
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i.e. A=bc—f%B=ca—g%C=ab—h?

F=gh—af,G=hf —bg,H=fg—ch

6.9 THREE MUTUALLY PERPENDICULAR
GENERATORS OF A CONE

Let the equation of the cone be given as
F(x,y,z) = ax® + by? + cz* + 2fyz + 2gzx + 2hxy = 0 .....(51)

Suppose the plane ux + vy + wz = 0 cuts the cone (51) in perpendicular
generators. Then from the condition of perpendicularity we have

(a+b+o)W?+v?2+w?)—Fuv,w)=0 ...(52)

Now the equations of the normal to the plane through the origin (i.e.
vertex of the cone) are

QIR

=2 ...(53
= w..(53)
This line will be a generator of the cone if it lies on the surface of the
cone, i.e. the dc’s of the line satisfies the equation of the cone
F(u,v,w) =0
Hence from (52) we have
(a+b+c)W?+v2+w?)=0
=a+b+c=0 since u?+v2+w?2#0

Therefore the condition that the cone (51) may have three perpendicular
generators is

a+b+c=0

Conversely, if the above condition is satisfied and if the normal (53) lies
on the cone (51), then F(u,v,w) = 0 and hence the condition (52) gets
satisfied for values of u, v, w. Therefore a plane which is perpendicular to
a generator cuts the cone in two mutually perpendicular generators. Hence
many sets of three mutually perpendicular generators exist.

6.10 ILLUSTRATIVE EXAMPLES

Example 6.10.1 Find the equations of the lines in which the plane
2x +y —z =0 cuts the cone 4x? — y? + 3z%2 = 0. Find also the angle
between the lines of section.

Solution: The equation of the cone is



4x% —y2 +3z2 =0 .....(54)

and the given plane is

Since the line lies on the plane and the cone, hence
412 —=m? +3n%? =0 ..(56)
and 2l+m-n=0...(57)
From (57), we have n=2l4+m ..(58)
Substituting this value in (56), we have
412 —m?+3QR21+m)?=0
or 812+6lm+m?=0
or 2Ql+m)4l+m)=0
2l+m=00r 4l+m=20
When 21 + m = 0, we have m = —21. Therefore from (58),

n=2l+m=21-2l=0

Hence
l _m _n
1 -2 0
The corresponding line of section is
X y z
—=-—=— ....(58
1 -2 0 (58)

When 41 + m = 0, we have m = —41. Therefore from (58),
n=2l+m=21-41l=-2I

Hence

The corresponding line of section is
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Y 2 (59

x— —
1 —4 =2

If 8 is the angle between the lines of section (58) and (59), then

1.1+ (—2)(—4) +0.(-2) 27
cosfO = S
JOT+ (27 + 0312 + (97 + (-7 35

27
= 0 = -1 —_
CoS 35

Example 6.10.2 Prove that the plane ax + by + cz = 0 cuts the cone
yz + zx + xy = 0 in perpendicular lines if
111
a b ¢
Solution Let the plane ax + by + cz = 0 cuts the cone yz 4+ zx + xy = 0
in lines given by
X y z
—==—=— ......(60
l - (60)

m

Since the lines lie on the plane and the cone, hence

al+bm+cn=0 ...(61)
and mn+nl+Ilm=0 ....(62)
From (61) we have

(bm + cn)
a

Putting this value in (62) we get

n(bm+cn) m(bm+cn) 0
a a B

mn

or bm?+mn(b+c—a)+cn?=0
my2 m
0rb(;)+{b+c—@(z)+c=0 e (63)
This is a quadratic equation in (m/n) with two roots, say (m,/n,) and
(m,/n,). It shows that the plane cuts the cone in two lines. Now
m; mj

c
The product of roots = — - — = —
UGMM-102/222 n, n, b



mim,; mMn;
1/b  1/c

or

By symmetry we can write

L,  mym; myn,
1/a 1/b  1/c

The lines of section are perpendicular if
l1l2 + m1m2 + n1n2 = 0

1 1 1
=—+-4+-=0
a b c

Hence the result.

6.11 THE TANGENT LINE AND THE TANGENT
PLANE

Now we shall find the condition that a given line through the point
(a, B,y)on the cone is a tangent line to the cone and we shall also obtain
the equation of tangent plane at that point.

Let the equation of the cone be given as
F(x,y,z) = ax? + by? + cz® + 2fyz + 2gzx + 2hxy = 0 .....(64)

Let P(a,B,y) be any point on the cone (64). The equations of any line
through P(a, B,y) may be given as

x—a_y—B_z-y
I m

=r(say) ... (65)

The coordinates of any point on this line will be (Ir + a, mr + B, nr +y).
If the line (65) meets the cone (64) at this point, then

a(lr + @)? + b(mr + B)?> + c(nr + y)? + 2f (mr + B)(nr + y)
+2g(nr +y)(Ir + a) + 2h(lr + a)(mr + ) =0

orr?(al? + bm? + cn? + 2fmn + 2gnl + 2hlm)
+2r{(aa + hB + gy)l + (ha + bB + fy)m + (ga + fB + cy)n}
+(aa® + bB? + cy? + 2fBy + 2gya + 2haf) =0 .....(66)
Since the point P(a, 8,v) lies on the cone, hence
aa’ + bp?* + cy? + 2fBy + 2gya + 2haf = 0....(67)

Hence (66) becomes UGMM-102/223
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r?2F(l,m,n) + 2r{(aa + hB + gy)l + (ha + bB + fy)m +
(ga+fB+cy)n}=0

This is a quadratic equation in r with one root equal to zero. If the line
(65) is a tangent to the cone, the other root must also vanish, i.e.

(aa + hB + gy)l + (ha + b + fy)ym+ (ga+ ff + cy)n =0 ...(68)

This is the condition that the line (65) is a tangent line to the cone at

P(a,B,7).

Now the tangent plane to the cone (64) at point P(a, 8,v) is the locus
of the tangent line (65) under the condition (68). Hence the equation of the
tangent plane at P(a,B,y) is obtained by substituting the proportionate
values of [, m,n from (65) in equation (68) as

(ax +hf+gy)(x —a) + (ha + b+ fY)(y — B) + (ga + fB +
cy)z—y) =0

or(aa + hB + gy)x + (ha + bB + fy)y + (ga + fB + cy)z
—(aa? + bB% + cy? + 2fBy + 2gya + 2haf) = 0

Using (67), we get the required equation of the tangent plane to the cone
(64) at P(a,B,y) as

(aa +hB +gy)x+ (ha+bB + fY)y+ (ga+ fB+cy)z=0

6.12 THE CONDITION OF TANGENCY

In this section we shall obtain the condition that the plane
ux +vy+wz=0 ....(69)
May touch the cone
F(x,v,z) = ax® + by? + cz? + 2fyz + 2gzx + 2hxy = 0 .....(70)

If the plane (69) touches the cone (70) at the point P(«, B,y), then it must
be identical to the tangent plane at P

(aa +hB + gy)x+ (ha+bB + fy)y+ (@ga+fB+cy)z=0...(71)

Since (69) and (71) represent the same plane, hence comparing the
coefficients of x, y and z, we have

u _ v ~ w
ac +hB+gy ha+bB+fy ga+fB+cy

_ 1
=z (say)

Therefore



aa + hf +gy +uk =0....(72)
ha +bp + fy +vk =0....(73)
ga+ff+cy+wk=0....(74)
Also the point (a, B8, y) lies on the plane (69), hence
ua+vf+wy=0.... (75)

Eliminating «, S,y and k from (72), (73), (74) and (75), we get the
required condition as

=0 ....(76)

S awQ

u
v
w
0

fQ > a
ST &

= Au®+ Bv? + Cw? + 2Fvw + 2Gwu + 2Huv = 0
Where A = bc — f%2,B = ca — g%, C = ab — h*,F = gh — af,

G = hf —bg,H = fg — ch

6.13 RECIPROCAL CONE

Definition The reciprocal cone of a given cone is the locus of the lines
through the vertex and right angles to the tangent planes of the given cone.
In other words, the reciprocal cone of a given cone is the locus of the
normals through the vertex to the tangent planes of the given cone.

Let the equation of the cone be given as
ax’ + by® + cz* + 2fyz + 2gzx + 2hxy =0 ... ... (77)
Let the equation of a tangent plane to the cone (77) be
ux+vy+wz=0.....(78)

The dc’s of the normal to the plane (78) are proportional to u, v, w. The
vertex of the cone is the origin (0,0,0) Therefore the equations to the
normal to the tangent plane (78) through the origin will be

Xy z
—===— ....(79
u v ow (79)

The condition that the plane (78) touches the cone (77) is

Au? + Bv* + Cw? + 2Fvw + 2Gwu + 2Huv =0 ... (80)
WhereA:bc—fz,B:ca—gz, C=ab—h2,F=gh—af,
G=hf-bg,H=fg—ch
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The locus of the normal (79) is obtained by eliminating u, v, w between
(79) and (80), i.e.

Ax® + By* + Cz° + 2Fyz + 2Gzx + 2Hxy =0 ... ... (81)

This is a homogeneous equation of second degree in x, y, z and therefore
represents a cone with vertex at the origin. This is the reciprocal cone of
the given cone (77).

6.14 ENVELOPING CONE

As the name suggests, it is a cone which envelopes a given surface.
You will learn more about the enveloping cone of conicoids in unit-8. Let
us begin with the formal definition:

Definition The locus of the tangent lines drawn from a given point to a
given surface is called the enveloping cone or tangent cone to the surface.
The point from which the tangent lines are drawn is called the vertex of
the enveloping cone.

Let us derive the equation of the enveloping cone of a sphere with vertex
at (a, B, ). Suppose the equation of the sphere be given as

X’ + vy + 22 = a ... (82)

The equations of a straight line passing through the point (a, B, y) are
given as

x—a_y-f _z-y
I  m  n

(=7) .....(83)

Then the coordinates of any point P on the straight line (83) are given by
(Ir + a, mr +p, nr + y). If the line (83) meets the sphere (82) at point P,
then

(Ir + @) + (mr + B)* + (nr + y)? = a?
or rA(IP+m?+n®)+2r(al+Pm+yn)+a’+p*+y*—a*=0....(84)
This is a quadratic equation in r giving two roots, corresponding to which
we have two points of intersection of the line (83) and the sphere (82). If
the line (83) is a tangent line to the sphere, the points of intersection must
coincide, i.e. the roots of the quadratic equation (84) must be equal, i.e.

{2(al + Bm +yn)} = 41 + m? + n?)(@® + B* + y* — d?)

or (al + pm + )/n)2 =(P+mP+n®)(a?+ B2 +y*—dd) ... .. (85)



The locus of the tangent line (83) gives the required enveloping cone of
the sphere and can be obtained by eliminating [, m, n from (83) and (85),
i.e.

{ x-a)+Bly—-B) +y(z-p¥
={(x—al+ @y -B) +(z—-y) Ha?+ B +y* - dd)
or {(ax+py+yz—a’)—(a®+ B> +y* - )Y

={(*+y*+ 72 - a’) - 2ax + By +yz—a) + @+ B+ Y -

a’)}
x (0(2+ﬁ2+]/2_a2)
(86)
S = x?>+y?2+z%-a?
Let S" = a*+B*+y? —a?

T = ax + By + yz — a?
Then (86) becomes (T — S)? = (S — 2T + S)S’
orT? + S'?2 — 2TS' = SS' — 2TS' + S’?
or S§' = T?
or (X +y*+7—a’)(a’+p*+y —a’) = (ax+ By +yz—a?)

This is the required equation of the enveloping cone of the sphere.

6.15 RIGHT CIRCULAR CONE

Definition A right circular cone is a surface generated by a moving line
which passes through a fixed point (called vertex) and makes a constant
angle 6 with a fixed straight line through the vertex.

The constant angle 8 is called the semi-vertical angle and the fixed
straight line through the vertex is called the axis of the cone. The section
of the right circular cone by a plane perpendicular to its axis is a circle.

Now we shall obtain the equation of a right circular cone with vertex at
A(a, B,y) and the axis AC with direction cosines proportional to [, m, n.
The equations of the axis AC can be given as

x—a_y-f _z-y
I m  n

.. (87)
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A(a,B,vy)

B ¢ D

Let P(x’,y',z") be any point on the surface of the cone. Then the direction
cosines of the line AP are proportional to x' — a,y' — B,z — y. If 6 is the
semi-vertical angle of the cone, then we have

I(x' — a) + m(@y' — B) + n(Zz' — y)
VZ+m?2+n2/(x" — a)*+ (' — B)? + (2" — y)?

cos 0 =

or {{(x'— a)+ m(@y'— B)+ n(z' - y)}?
= P+m2+n){' — )+ &' — P? + (7' — y)*} cos? 0

Generalizing the coordinates (x, y, z), we get the required equation of the
right circular cone as

{lx— a)+ m(y— B) + n(z— y)}?

= C+m2+n){x-a)*+ - B?* + (z-¥)*}cos?0 ... (88)

6.16 ILLUSTRATIVE EXAMPLES

Example 6.16.1 Find the equation of the cone reciprocal to the cone
fyz+gzx+ hxy=0....(89)
Solution Comparing the equation (89) with the general equation
aox’ + boy2 + oz’ + 2foyz + 2gozx + 2hoxy =0 ... (90)

We have ap =0, bg=0,¢c0=0, fo=f2, go=f2, ho = 2
Now the reciprocal cone of (90) is given by

Ax* + By* + Cz* + 2Fyz + 2Gzx + 2Hxy =0 .... (91)
Where = bgoco — fo2 =— f2/4, B = cpag — go2 =— g2/4,

C= aobo—hozz—h2/4, F = goho — aofo = gh'4,



G:hofo—bog():hf/4, H:fogo—Coho:fg/4
Putting these values in (91), we get

2 2 2
—sz - gTyz - hzzz + Z.gThyz + 2.%” + 2.%3@1 =0
or fx* + g*y* + h’z* — 2ghyz — 2hfzx — 2fgxy =0
Example 6.16.2 Find the equation of the right circular cone with vertex at
(1, -2, —1), semi-vertical angle 60° and the axis
x—1 y+2 z+1

3 -4 5
Solution The equation of right cicular cone is given by (88). Therefore we
have

3(x—1)—4(y+2)+ 5(=z+ 1)}?

= {324 (—4)2+52{(x-1D?* + (v +2)* + (z+ 1)*}cos? 60°
Simplifying it we get
7x* — 7y* — 252° + 80yz — 60zx + 48xy + 22x + 4y + 170z + 78 = 0

Example 6.16.3 Find the locus of points from which three mutually
perpendicular tangent lines can be drawn to the paraboloid ax® + by? =
2cz

Solution Let (a, B, y) be a given point and

t

ax? + by* —2cz
S'"= aa® + bBp*—2cy |....(92)
T = aax + by —c(z + y)

Then the equation of the enveloping cone of the given paraboloid with
vertex at

(a, B, vy)is

SS' =T?
or (ax® + by* — 2cz)(aa® + bB? — 2cy) = {aax + by — c(z + Y ...
(93)

Since three mutually perpendicular tangent lines are drawn to the given
paraboloid from P(a, B, y), the enveloping cone (93) will have three
mutually perpendicular generators. Hence we must have

coeff. of x*+coeff. of y* + coeff. of z2 =0
or a(bB® — 2cy) + b(aa® —2cy) —c*= 0
or ab(a? + B?) — 2c(a + b)y =c?
The locus of the point (a, B, y) is

(x*+y?) —2c(a+b)z=c"
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6.17 SUMMARY

In this unit, we have studied the following facts-

1)

(2)

3)

4)

()

(6)

()

A cone is a surface generated by a moving straight line passing
through a fixed point and intersecting a given curve or touching a
given surface.

The condition that the general equation of second degree ax? +
by? + cz? + 2fyz + 2gzx + 2hxy + 2ux + 2vy + 2wz +d = 0
represents a cone is

a h 9 u
hbfv:0
g f ¢ w
qud

The equation of the cone with vertex (a, , y) and base conic
ax? + 2hxy + by? + 2gx + 2fy+c=0,z=0 is given by
a(az —yx)? + 2h(az — xy)(Bz — yy) + b(Bz —yy )?
+2g(az—xy)(z—V)+2f(Bz—yy)(z—y) +c(z—y)* =

0

The angle between the lines in which the plane ux + vy + wz =0
cuts the cone F(x,y,z) = ax?+ by? + cz* + 2fyz+ 2gzx +
2hxy = 0 is given by

2P (u? + v + w?)1/2
(a+b+c)W?+v2+w?)—F(uv,w)
The condition that the cone ax? + by? + cz? + 2fyz + 2gzx +

2hxy = 0 has three mutually perpendicular generators is a + b +
c=0

The equation of the tangent plane to the cone ax? + by? + cz? +
2fyz + 2gzx + 2hxy = 0 at point (a, B, y) is given by (aa +
hB + gy)x + (ha + bB + fy)y + (ga + fB + cy)z = 0

The condition that the plane

tan 0 =

ux +vy+wz=20
may touch the cone
ax? + by? + cz? + 2fyz + 2gzx + 2hxy = 0

IS given by

Au® + Bv? + Cw? + 2Fvw + 2Gwu + 2Huv = 0
Where A =bc— f3B =ca— g>C =ab — h:F =
gh — af,

G =hf —bg, H= fg — ch



(8)

©)

(10)

The reciprocal cone of a given cone is the locus of the lines
through the vertex and right angles to the tangent planes of the
given cone. The reciprocal cone of the cone

ax? + by? + cz? + 2fyz + 2gzx + 2hxy = 0
is given by
Ax? + By? + Cz? + 2Fyz + 2Gzx + 2Hxy = 0
Where A =bc— f4B =ca— g>C =ab — h:4F =
gh — af,
G = hf —bg,H = fg — ch

The locus of the tangent lines drawn from a given point to a given
surface is called the enveloping cone or tangent cone to the
surface. The point from which the tangent lines are drawn is called
the vertex of the enveloping cone.

A right circular cone is a surface generated by a moving line which
passes through a fixed point (called vertex) and makes a constant
angle 6 with a fixed straight line through the vertex. The constant
angle 6 is called the semi-vertical angle and the fixed straight line
through the vertex is called the axis of the cone.

6.18

SELF ASSESSMENT QUESTIONS

(1)

)

Prove that the equation of the cone whose vertex is the origin and
base is the curve f(x,¥) =0,z =k is f(xk/z,yk/z) = 0.

Find the equation of the cone with the vertex at the origin and
which passes through the curve x* + y* + 2> + x — 2y + z — 4 = 0,
x? +yz+z2 +2x—-3y+4z-5=0

[Ans: 2x* + y* — 5xy — 3yz + 4zx = 0]

(3) Find the equation of the cone with vertex at the origin and direction

(4)

©)

(6)

cosines of its generators satisfy the relation 12 + 2m?— 3n? = 0.
[Ans: x* + 2y* — 32% = 0]

Prove that a line which passes through (a, 8, y) and intersects the
parabola z° = 4ax, y = 0 lies on the cone (z — yy)* = 4a(B —
y(Bx — ay).

Find the equation of the cone with vertex (5,4,3) and with 3x% +
2y* =6, y + z =0 as base.

[Ans: 147x% + 87y% + 1012% + 90yz — 210zx — 210xy + 84y +
84z — 294 = 0]

X

Prove that the cones ax? + by? + cz? = 0 and
Oare reciprocal to each other.

2 2 2
y z
4=
a b c
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(7) Prove that the equation /fx £ /gy £ Vhz = 0 represents a cone

that touches the coordinate planes and find the equation of its
reciprocal cone.

[Ans: fyz + gzx + hxy = 0]

(8) If the plane 2x — y + cz = 0 cuts the cone yz + zx + xy = 0 in
perpendicular lines, find the value of c. [Ans: ¢ = 2]

(9) Prove that the condition that the cone
ax? + by? + cz? + 2fyz + 2gzx + 2hxy = 0
may have three mutually perpendicular tangent planes is
A+B+C =0
WhereA:bc—fz,B:ca—gz, C =ab— h>

(10) Find the equation to the right circular cone whose vertex is
(—2,—3,5), axis makes equal angles with the coordinate axes and
semi-vertical angle is 30°.

[Ans: 5x* + 5y% + 5z° — 8yz — 8zx — 8xy — 4x + 86y — 58z + 278
= O]

(11) Find the equation of the cone formed by rotating the line 2x +
3y = 6,z = 0 about the y-axis. [Ans: 4x* — 9y* + 4z° + 36y —
36 =0]

(12) Find the enveloping cone of the sphere x* + y* + z> — 2y + 6z + 2 =
0 with its vertex at (1,1,1).
[Ans: 8x% + 9y® — 7z* —8zx — 8x — 18y + 22z + 2 = (]

(13) Find the equation to the right circular cone whose vertex is the

origin, axis is x- axis and semi-vertical angle is a. [Ans: y* + z° =

x% tan® a]

6.19 FURTHER READINGS

(1) Shanti Narayan, P.K. Mittal (2007): Analytical Solid Geometry,
S.Chand Publication, New Delhi.

(2) Abraham Adrian Albert (2016): Solid Analytic Geometry, Dover
Publication.

(3) George Wentworth, D.E. Smith (2007): Plane and solid Geometry,
Merchant books.

(4) D.M.Y. Sommerville (2016): Analytical Geometry of three
dimensions, Cambridge university Press.



UNIT-7 CENTRAL CONICOIDS |

Structure

7.1  Introduction

7.2 Objectives

7.3  Standard equation of a central conicoid
7.4 The Ellipsoid

7.5 The Hyperboloid of one sheet
7.6 The Hyperboloid of two sheets
7.7  Tangent lines and tangent planes
7.8  Condition of tangency

7.9  Illustrative examples

7.10 Polar planes and polar lines

7.11 Illustrative examples

7.12 Summary

7.13 Self assessment questions

7.14 Further readings

7.1 INTRODUCTION

In two dimensional geometry you studied conic sections (or
conics) such as Circle, ellipse, hyperbola and parabola. A conic can be
described as the intersection of a plane and a double-napped cone.

Do you know what happens when these conics are revolved about
certain specific axes? It generates some interesting surfaces. For example,
we obtain the surface of a sphere when a circle is revolved about its
diameter. If an ellipse is revolved about its major or minor axis, a surface
called spheroid or ellipsoid of revolution is obtained. Similarly we
obtain a paraboloid of revolution by revolving a parabola about its axis
of symmetry and a hyperboloid of revolution by revolving a hyperbola
about conjugate axis or transverse axis. Let us see how this happens.

In general a surface is a locus of a variable point (x,y,z)
represented by f(x,y,z) = c. We may assume it to be generated by a
plane curve by revolving about an axis. If a plane curve f(x,y) =0,z =10
is revolved about x-axis, we obtain a surface of revolution given by

f(x,,/y2 + 22) = 0.
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2 2
Suppose we revolve the ellipse = +2 =1,z = 0 about its major axis
a b
(i.e. x-axis). The ellipsoid of revolution obtained is given by
2
x? (Vy?+2z2)
-t — pz 1

a

x? 2472

_2+y =

a b?

This surface is called a prolate spheroid. Similarly, if this ellipse is

revolved about its minor axis (i.e. y-axis), we obtain an ellipsoid of
revolution called oblate spheroid

or

x? + z*2
2 + 4
a b?
Similarly, you can obtain a paraboloid of revolution y? + z? = 4ax by

revolving the parabola y? = 4ax,z = 0 about x-axis and hyperboloid of
revolution

x*+2z% y? .
az  b?
2 2
by revolving the hyperbola %— % = 1,z = 0 about conjugate axis (y-

axis). These surfaces are special cases of more general surfaces called
conicoids.

A conicoid is a surface whose sections by some specific planes (such as
planes parallel to coordinate planes) are conics. For some conicoids , we
can define a unique special point called centre. Such conicoids are called
central conicoids. The examples are cone, ellipsoids, hyperboloids of one
sheet and hyperboloids of two sheets. The cylinders and paraboloids are
examples of non-central conicoids.

In this unit, we shall study the central conicoids in details. We shall define
centre and establish a standard equation for central conicoids. We shall
study the equations and geometry of ellipsoids and hyperboloids. We shall
discuss tangent lines, tangent planes, polar lines and polar planes for these
surfaces.

7.2 OBJECTIVES

After reading this unit, you should be able to
o Define central conicoids
o Obtain standard equations of central conicoid

o Discuss some special central conicoids such as ellipsoid,
hyperboloid of one sheet and hyperboloid of two sheet



o Define tangent lines and tangent planes at a point to a central
conicoid

e  Obtain the condition of tangency

o Discuss polar plane and polar lines for a central conicoid

7.3 STANDARD EQUATION OF A CENTRAL
CONICOID

A conicoid (or a quadric surface) in the three dimensional rectangular
Cartesian coordinate system is the set of points (x,y,z) in three
dimensional space satisfying a general second degree equation in three
variables.

i.e.

F(x,y,z) = ax® + by? + cz? + 2fyz + 2gzx + 2hxy + 2ux + 2vy +
2wz+d =0
.......... 1)

Let us shift the origin to a point C (x,, vo, Zo) and consider new coordinate
system of coordinate axes CX',CY’,CZ' parallel to the given system with
origin C. Then we have

x =x"+ xg, y=y"+y, z=2z+2z

and equation (1) becomes

Z a(x’ +x9)? + Z 2f(y' +v9) (2’ + z) + Z 2u(x’"+x) +d =0
Expanding above expression and simplifying, we get

ax'? + by'?> + cz'* + 2fy'z' + 2gz'x’' + 2hx'y’ + 2u'x’ + 2v'y' +
2w'z'+d' =0

Where

u' =axy+ hy,+9gzo+u
v =hxy+ by, + fzo+v
w' =gxo+ fy,+czg+w
d' = axy?® + byy? + czo? + 2fyozo + 292Zyxo + 2hxoyo + 2uxy + 2vy, + 2wz, + d

—
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For a particular type of conicoids, the linear part of equation (2) vanishes.
Let us choose the new origin C (x,, yo,2) such that u' =v' =w' =0,
e

axog+hyy, +gzo+u=20
hxqg +byy+ fzg+v =20
gxo+ fyo+czg+w=0

or we can say that (x,, yo, Zo) is a solution of the system of equations

ax+hy+gz+u=20
hx +by+ fz+v=0 ... 4)
gx+fy+cz+w=0

If the system of equations (4) has a solution(xy, yo, zo) € R3, then the
point C (x,, ¥o, Zo) is called a centre of the given conicoid.

If C (xo,¥0,20) is a centre of the conicoid, then (2) becomes
ax'? + by'? + cz'* + 2fy'z' + 2gz'x’ + 2hx'y' +d' =0

Hence if a conicoid is represented by a general second degree equation
F(x,y,z) = 0 and the conicoid has a centre C (x,, yo, Zo), then by shifting
the origin to the centre C, the equation assumes the following form with
respect to the new coordinate system-

ax? + by? + cz? + 2fyz + 2gzx + 2hxy +d' =0 ........ (5)

Definition : A conicoid is called a central conicoid if it has a unique
centre. If a conicoid has no centre or it has infinitely many centres, then it
is called a non-central conicoid.

For example, consider a sphere
x2+y2+2z2+2x+8y—6z+5=0
Comparing with equation (1), we get
a=b=c=1,f=g=h=0,u=1Lv=4,w=-3,d=5

The system of equations (4) becomes

x+1=0
y+4=0
z—3=0

Which gives x = —1,y = —4, z = 3. Thus the system of equations (4) has
a unique solution (—1, —4,3). Hence the given sphere is a central conicoid
with centre (—1,—4,3) . You can verify that every sphere is a central



conicoid. What do you think about a cylinder? Take any equation of a
cylinder and check it.

Note: The system of equations (4) has a unique solution if

%0

>

Il
Q > Q
~N -
a s\ Q

So you can use this fact to check whether a surface given by general
second degree equation is a central conicoid or not.

Now suppose that a general second degree equation represents a central
conicoid. We have seen that shifting the origin to the centre C (xq, yo, Zo),
the equation can be reduced to the following form

ax?® + by? + cz? + 2fyz + 2gzx + 2hxy +d' = 0
Where
d' = axy? + byy? + czg? + 2fyozo + 29Zoxe + 2hxyyo + 2uxy + 2V,
+ 2wzy +d

Since axy + hyy +gzo = —u, hxg+bys+fzy=-v, gxo+ fyo+
CZO = —w

Hence
d" = (axg + hyy + 9zo)xo + (hxo + byo + f29) o
+ (gxo + fyo + czy)zy + 2ux,
+2vy, + 2wzy +d
= —Uxg — VYo, — Wz + 2uxy + 2vyy + 2wz, + d

=uxy + vy, +wzy+d

Suppose that the new axes are rotated with the following scheme

x y z
X l my ny
Y L, my n;
Z l5 ms ns
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Where [, m;, ny; 1,, m,,ny; I3, mg, ng are the direction cosines of the new
coordinate axes CX, CY, CZ respectively. Then

X=lLx+my+nz
Y =Lx+myy+n,z
Z =lLx+m3y+n;z
By using these relations, equation (6) can be reduced to the form
MX?2+ Y2+ 2322 +d' =0

Where 14, 1,, A5 are the roots of the discriminating cubic

Therefore if S is a conicoid given by the general second degree equation
F(x,y,z) = 0 which has a centre C (x,, yo, 2,), then we can form a new
coordinate system by shifting the origin to the centre C and then rotating
the system about the new origin C, in which the equation reduced to the
form

/11x2 + /12}12 + /13Z2 + d, = O ............. (7)
Equation (7) is called the standard equation of the central conicoid.

Since (7) has a unique centre, hence, we have

A 0 0
A=|0 A, 0|%0
0 0 A
i.e. Mz # 0

Therefore A, # 0,4, # 0,43 # 0.
Now the following five cases arise
Case 1 Whend' =0
In this case, equation (7) reduces to
Mx?+ ,y2 4+ 1322 =0
This represents a cone.

Case 2 When d' # 0 and A4, 4,, 15 and d' have the same sign



In this case, the left hand side of (7) is not zero for any real values of x, y
and z. This represents an imaginary ellipsoid.

Suppose 1; > 0,4, > 0,43 > 0and d’ > 0. Then equation (7) becomes

x2 y2 ZZ

+ + = -1

@ @ &

or

xZ 2 ZZ

_+_2+C1_2=_1

Where a, = \/j::, b, = \/gand L= \/;1:;.
Case 3 When d' # 0 and the sign of 1,, 1, and A5 are different from d’
In this case, the equation (7) becomes

Mx? + 9% + A3z = —d’

or
2 2 2
X VA
T A =1

) & )

Since —d'/A; > 0,—-d' /A1, > 0 and —d'/A; > 0, hence we can write

X2 oy g2
ot —=1
a* bys

—d’ —d’ —d’ . c ey
Where a, = /Z b, = /Z and c¢; = /Z This central conicoid is

called an ellipsoid.

Case 4 When d' # 0 and 44 > 0,4, > 0,1; < 0 and d' < 0 (or any two
of the four coefficients 1,,1,, A3 and d' are of the same sign)

—d’

In this case, —d'/A; >0,—d'/A, >0 and d'/A; > 0. Let a, = -
1

b; = /;—‘j andc; = \/j:; . Then equation (7) becomes
2

x?  y?  z?

This central conicoid is called a hyperboloid of one sheet.
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Case 5When d' =0 and 44 > 0,4, < 0,1; < 0 and d’ < 0 (or any two
of the coefficients A,, A, 15 have the same sign as d’)

In this case, —d'/1; >0,d'/A, >0 and d'/A1; > 0. Let a; = —d,

b; = \/%’ andc; = \/j:; . Then equation (7) becomes
xZ

This central conicoid is called a hyperboloid of two sheets.

Thus the standard equations for five types of central conicoids may be
given as follows-

1. ax? + by? +cz> =0 (Cone)

2 £+y—2+£— -1 (Imaginary ellipsoid)
" a2 b2 c2 - g y p
x%  y?  z? . .
3. Sttt = 1 (Ellipsoid)
2y 2y

4, T L 4% = j (Hyperboloid of one sheet)

(Hyperboloid of two sheets)

The standard form representing ellipsoid, hyperboloid of one sheet,
hyperboloid of two sheets and imaginary ellipsoid may be given as

ax? + by? + cz? =1

This equation represents an ellipsoid if a,b,c are all positive, a
hyperboloid of one sheet if any one of them is negative and the remaining
two are positive. It represents a hyperboloid of two sheets if any two of
them are negative and the remaining one is positive. This represents an
imaginary ellipsoid if all the a, b, c are negative.
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Definition A conicoid S is called symmetric with respect to a point C if
on shifting the origin to the point C, the new equation is symmetric with
respect to the new origin C. Then the point C is called a centre of the
conicoid S.

Consider the central conicoid
ax? +by*+cz?=1 ................ (8)

Let P(xy,y1,21) be any point on the central conicoid given by (8). Then
you can verify that the point Q (—x,, —y;, —z;) also lies on (8). Hence the
central conicoid given by standard form (8) is symmetric with respect to
the origin 0(0,0,0). The origin is the centre of the conicoid (8).

llustrative Example Reduce the second degree equation

11x2 + 10y? + 622 — 8yz + 4zx — 12xy + 72x — 72y + 36z + 150 =
0....(9)

to the standard form and identify the surface.
Solution comparing with the general second degree equation (1), we have

a=11,b=10,c=6,f =—4,g=2,h =—6,u=36,v = —36,w
=18,d = 150

The discriminating cubic is

h b—12 f |=0 or

or A3 —2722 41801 —-324=0

The factorization of above polynomial equation gives
1-3)(1—-6)(1—-18)=0

Therefore A = 3,6,18.

The equations (4) becomes

1l1x—6y+2z+36=0
—6x+10y —4z—-36=0( ........ (10)
2x—4y+6z+18=0

These equations have unique solution x = —2,y = 2,z = —1. Hence the
given equation (9) represents a central conicoid with centre (—2,2,—1).
The equation reduces to the standard form
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Mx?+ 1,92+ A3z2+d' =0
Where d' = uxy + vy, + wzy +d
=36(—2) +(—36)(2) +18(—1) + 150 = —12
Therefore the standard form of (9) may be given as
3x2+6y2+182z2-12=0

Or
2

y> zr
7+(2/3)_1

Therefore the surface represented by (9) is an ellipsoid with centre
(=2,2,—1).

x2+
4

7.4 THEELLIPSOID

The standard equation of an ellipsoid is given by

xz y2 ZZ
St tm=1 ..

Fig-1
Now we have the following observations-

(i) If the point P(x4,y1,2,) lies on the ellipsoid given by (11), then
the point Q(—x;,—y;, —2z;) also lies on it. Hence the origin
0(0,0,0) is the centre of the ellipsoid.

(i) The ellipsoid is symmetrical about the coordinate planes (i.e. xy-
plane, yz-plane, zx-plane). These coordinate planes bisect all
chords perpendicular to them. For instance the chord joining
(x,y,2) and (x,y, —z) drawn perpendicular to xy-plane is bisected
by the xy-plane. These coordinate planes are called the principal



planes of the ellipsoid. The lines of intersection of these principal
planes are the coordinate axes. These axes are called the principal
axes of the ellipsoid.

(iii) From (11), we observe that the ellipsoid meets the x-axis at points
where

x2 0 0
b=t —=1

y=0,z=0and PR

i.e. x = +a,y = 0,z = 0. Hence the ellipsoid (11) meets the x-
axis at A(a, 0,0) and A’(—a, 0,0). Similarly, you can check that the
points of intersection with y-axis are B(0,b,0) and B'(0,—b,0)
and with z-axis are €(0,0,c¢) and C'(0,0,—c). The lengths
AA',BB’" and CC'are called the principal diameters of the
ellipsoid and OA,0B and OC are called the semi-axes of the

ellipsoid.
N
e R e "
Y - <Exiier
R LN

Fig-2
(iv) The ellipsoid is a closed surface (i.e. bounded surface)

Equation (11) can be written as

yZ ZZ_ x2
piae=1"g

2 2
You will observe that Z—z +i—2 is negative for |x| > a, i.e. at least

one of y and z has imaginary value. Therefore the surface does not
exist when |x| > a, i.e, it is bounded by the planes x = —a and
x = a. Similarly you can check for yourself that the ellipsoid (11)

is bounded by the planes x = —b and x = b and x = —c and
X =c. UGMM-102/243
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(v) The section of the ellipsoid (11) by the plane z = k is the ellipse
given by the equations
2 k2

— z=k
a? b2 c?’

2
Since —c <k <c, le. ';—2 < 1, hence the section of the ellipsoid

by the plane z = k (—c < k < c¢) is an ellipse. The centre of this
ellipse lies on z-axis. Similarly, you can check that the sections of
the ellipsoid by the planes parallel to yz-plane and zx-plane are
ellipses.

(vi) When b = c, equation (11) becomes

x? y?+4z2
2t T
This ellipsoid of revolution is called a prolate spheroid. Similarly,

if ¢ =a we obtain an ellipsoid of revolution called oblate
spheroid

x?+z% y?
a? b2

If a = b = c, then equation (11) becomes

=1

x*+y*+2z2=a?

Which is a sphere of radius a with centre located at the origin.

7.5 THE HYPERBOLOID OF ONE SHEET

The standard equation of a hyperboloid of one sheet is given by

xz yz ZZ
E-I_E_C_Z:l ...... (12)

Now we have the following observations-

(i) The origin 0(0,0,0) is the centre of the hyperboloid as all chords
passing through the origin are bisected at the origin.

(if) The surface (12) is symmetrical about the coordinate planes (i.e. xy-
plane, yz-plane, zx-plane). These coordinate planes bisect all
chords perpendicular to them. Hence the coordinate planes are the
principal planes of the surface. The lines of intersection of these
principal planes are the coordinate axes, i.e. these coordinate axes
are the principal axes of the surface (12).

(iii) The surface (12) meets the x-axis at points A(a,0,0) and
A'(—a,0,0). Also the points of intersection with y-axis are
B(0,b,0) and B'(0,—b,0) and the surface intersects the z-axis at
imaginary points, i.e. the surface does not intersect z-axis.



(iv) The section of the surface (12) by the plane z = k is given by the
equations

Fig 3

Here we have —oo < k < o, i.e. the section of the surface (12) by the
plane z = k is always an ellipse for all real values of k. The centres of
these ellipses lie on z-axis. The ellipse corresponding to k = 0 is called
the principal ellipse. Similarly, you can check that the sections of this
surface by the planes parallel to yz-plane and zx-plane are the following
hyberbolas

x? z? k?
E_ﬁzl_ﬁ' y=k;(k<b)
y2 22 K2
ﬁ—c—2=1—;, x=k;(k<a)

7.6 THE HYPERBOLOID OF TWO SHEETS

The standard equation of a hyperboloid of two sheets is given by
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You will observe that

(i) The origin 0(0,0,0)is the centre of the surface as all chords
passing through the origin are bisected at the origin.

(i) The surface (13) is symmetrical about the coordinate planes (i.e.
xy-plane, yz-plane, zx-plane). Hence the coordinate planes are the
principal planes of the surface and the coordinate axes are the
principal axes of the surface.

(iii) The surface (13) meets the x-axis at points A(a, 0,0) and
A'(—a, 0,0).The surface does not intersect y-ais and z-axis.

¢\

Fig-4
(iv) The section of the surface (13) by the plane x = k is given by the
equations
2 2 2
vy z k
pta~e b *=k



Which represents an ellipse. For —a < k < a, this ellipse is imaginary.
Hence no part of the surface lies in the region —a < x < a. you
can check that the sections of this surface by the planes parallel to
yz-plane and zx-plane are the following hyberbolas

x?  z? k?
e
x2 yZ 2
p—ﬁ 1+ 5 z=k

You will notice that it is not a bounded surface.

7.7 TANGENT LINES AND TANGENT PLANES

First we shall discuss the intersection of a line with a central conicoid.
Then we shall obtain conditions for a line to become a tangent to a given
central conicoid. Finally we shall obtain the equation of a tangent plane to
the central conicoid.

Let a central conicoid be given by equation (8). Let the equations of a
straight line passing through a point A(a, 8,y) with direction cosines
LLmn be
x—a_y-B_z-y
i e eenn (14)

Then the coordinates of any point P on the straight line (14) distant r from
the point A (a, B,v) are given by (Ir + a, mr + B,nr + y). If the line (14)
meets the central conicoid (8) at point P, then

a(lr+a)> +b(mr + B)?> +c(nr +y)? =1

or r?(al?> + bm? + cn?) + 2r(aal + bfm + cyn) + aa® + bp? +
2
cy*—1=0

This is a quadratic equation in r. Hence we get two values of r
corresponding to which we have two points of intersection of the line (14)
and the central conicoid (8). These two points may be real and distinct,
coincident or imaginary depending upon the roots of equation (15).

If the line (14) is a tangent line to the conicoid (8), then the points of
intersection must coincide, i.e. the roots of the quadratic equation (15)
must be identical. It is possible if

{2(aal + bpm + cyn)}? = 4(al? + bm? + cn?)(aa® + bB? + cy? — 1)

or (aal+ bBm + cyn)? = (al? + bm? + cn?)(aa? + b + cy? — 1)
........... (16)
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If the point A (a, 8, y) lies on the conicoid (8), then
aa’ +bp%* +cy? =1
Then (16) becomes
aal + bfm+cyn=0  ............. a7

This is the condition that the line (14) is a tangent to the central conicoid
(8) at point A (a, B, 7).

There are infinitely many lines passing through (a, B8,y) satisfying the
condition (17).

For example, consider the ellipsoid

Z2

X2 y?
—+—+—=1 .....(18
4 9 (18)

U=y

The point (2,0,0) lies on (18). Here a = i,b = % ,C
(17) gives

L. The condition
16

12l 10 1 On=20
Z() +§( )m+E( n =

=[=0

Now [%? + m? + n? = 1. Hence we have [ = 0,m? + n? = 1. There are
infinitely many sets of values (I, m,n) satisfying these conditions. For
instance, l=0m=1,n=0and [ =0,m=0,n =1 are two such sets
of values. Therefore the lines lying in the plane parallel to yz-plane and
passing through the point (2,0,0) are tangent lines to the ellipsoid (18) at
(2,0,0). This plane containing all the tangent lines at a given point of any
conicoid is called the tangent plane at that point. Hence the locus of the
tangent lines to a conicoid at a point on it is called the tangent plane at that
point.

In order to find the locus of these tangent lines, i.e. to obtain the equation
of a tangent plane at A (a,8,y) to the central conicoid (8), we have to
eliminate [, m, n from (14) and (17). Hence we obtain

aa(x —a) +bp(y —p) +cy(z—y) =0
or aax + by + cyz = aa® + bp?* + cy?
or aax + by +cyz=1 ... (19)

This equation represents the tangent plane at (a,f,y) to the central
conicoid (8).



7.8 CONDITION OF TANGENCY

Now you may ask a question. Is there a way to decide whether a given
plane is a tangent plane to a given conicoid? The answer is yes. Let us see
how we can obtain the condition of tangency.

Suppose equation (8) represents a given conicoid, i.e.
ax?+by?+cz? =1
Assume that we are givenaplane Ix+my+nz=p  ............. (20)

The equation of the tangent plane at (a, 8,y) to the conicoid is given by
equation (19), i.e. aax +bpy +cyz=1

If the plane (20) represents the tangent plane at («, ,y) to the conicoid,
then equations (19) and (20) must be identical or the coefficients of these
equations must be proportional, i.e.

aax b c 1
l m n p
. l m n
1.e. Q—E,lg—a,y—a ................. (21)

since the point (a, B, y) lies on the conicoid (8), hence

aa’? +bp%*+cy? =1

[\? m\?2 n\2
=>a<—) +b<—> +c<—> =1
ap bp cp

2 m? n?

4 —p2
= m + 5 + =P e (22)
Which is the condition that the plane Ix + my + nz = p touches the
conicoid ax? + by? + cz? = 1. The point at which the plane touches the
conicoid is called the point of contact and is given by (21).

7.9 ILLUSTRATIVE EXAMPLES

Example 7.9.1 Find the equation of the tangent plane to the hyperboloid

—=1

y2 ZZ_
9 25

x? N
4
at (2,3,5).

Solution : Hereazi,b =%,c= —% anda =2, =3,y =5.
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The equation of tangent plane at (a, 8,y) to the conicoid ax? + by? +
cz? = 1is given by

aax + by +cyz=1
:(1)(2) +<1)(3) +< 1)(5) =1
) T \g) WY T T g5) T
or 15x + 10y — 6z = 30

Example 7.9.2 Show that the plane 7x + 5y + 3z = 30 touches the
ellipsoid 7x2 + 5y% + 3z% = 60. Find the point of contact.

Solution : The equation of the ellipsoid may be written in the standard
form as follows

byl hmg=1
60" T127 T20% T

7 1
Herea=—,b=—,c = —.
60

The given plane is 7x + 5y + 3z =30. Therefore [ =7,m=5n=
3,p=30

Now

60
— t— 4+ —=—(7)% 4+ 12(5)% + 20(3)?
a c 7

= 420 + 300 + 180
=900 = 302 = p?

Thus the condition of tangency (22) is satisfied. Hence the plane touches
the ellipsoid. The point of contact is given by

l 60 x7 m 12X5 n 20x 3
= = = :2,'}/=—_ =

- = =28 = - -
= T 7x30 2P T T Tx30 cp 1x30

i.e.

I.e. (2,2,2) is the point of contact.

Example 7.9.3 Find the equation to the tangent planes to the hyperboloid
2x% — 6y? + 3z = 5 which pass through the line x + 9y — 3z = 0,3x —
3y+6z=>5

Solution : The equation of any plane through the given line is
(x+9y—-32)+A(B3x—3y+6z—5)=0

or (1+30)x+ (OO —30)y+(61—3)z2=51 ... (23)



Suppose the plane (23) touches the given hyperboloid and let (a, 8,y) be
the point of contact. The equation of the tangent plane at (a, 8, y) to the
hyperboloid 2x? — 6y? + 3z2 =5 is

2ax — 6Py +3yz=5 .......... (24)

Now (23) and (24) represent the same plane. Thus

2 -6 3y 5

1431 9-31 61—-3 521
. 1432 . 9-312 _61-3
a=—g P/ v=3;

Since the point (a,B,y) lies on the hyperboloid 2x% — 6y? + 3z = 5,

hence
2(1+3A)2 6(9—3&)2_'_3(6&—3)2_5
22 —61 31 B

= 1>=10r 1=+1

From (23) the required equations of the tangent planes are
4x+ 6y +3z=5and 2x — 12y +9z =5

Definition The director sphere of a central conicoid is the locus of the
point of intersection of three mutually perpendicular tangent planes to that
central conicoid.

In the following example, we shall obtain the equation of director sphere
of a central conicoid.

Example 7.9.4 Find the locus of the point of intersection of three mutually
perpendicular tangent planes to the central conicoid ax? + by? + cz? =
1.

Given conicoid is
ax? + by? + cz? =1 ... (25)

Let the equations of any three mutually perpendicular tangent planes to the
conicoid (25) be

Lx+my+nz=p,Lx+my+n,z=p,Lx+mgy+n;z=
p3 .... (26)

Then from the condition of tangency, we have
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..(27)

Since the planes are mutually perpendicular, hence

llz + lzz + l32 = 1, mlz + mzz + m32 = 1,7112 + lez + Tl32 =1
llml + lzmz + l3m3 = 0, minq + myn, + msgng = O, llnl + lznz + l3n3 =0
.(28)

Let (x4, y1,2,) be the point of intersection of the tangent planes (26). Then

lixy + myys + yzy = pq, lxg + myy; +nyzg
= P2, l3x; + M3y, + n3z; = p;

Squaring and adding these equations we get

(Lixy + myy; +ny20)% + (Ixg + myy; + nyzy)?
+ (Izx1 + mgy; + n3zy)?

= p1® + p.* + 3’
or X2 L2+ v 2 Ym2 + 22N 2 4 2xy Y ymy + 2yz Y myny +
2zx Y, nq.ly

1.2 2 2 2 2 2 1.2 2 2
=1_+m_1+n;+2_+m_2+ni+ 3_+m_3+ni,
. a b c a b c a b c

using (27)

or x,%(1) + y1%2(1) + z,*(1) + 2xy(0) + 2yz(0) + 2zx(0) = % + % +% ,
using (28)

or x12+y12+212:%+%+%
The locus of the point (x,,y,,2;) is

1 1 1
2 2 2 __ 4=
xX“+y“+z 7 + b + c
This is the required equation of the director sphere of the central conicoid
(25).

7.10 POLAR PLANES AND POLAR LINES

Let a central conicoid be given as

ax? + by? + cz? =1 e (29)
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Fig 5

Let a straight line through a given point P (a, B, y)meet the conicoid (29)
in two points A and B. Suppose R is a point on this straight line such that

Then the point P is called the pole and the locus of point R is called the
polar plane of the point P with respect to the given conicoid.

Now we shall obtain the equation of the polar plane of P (a, ,y) with
respect to the conicoid (29).

The equations of any line through P (a, B, y) may be given as
_Y B _zv
—=—=—(="r) ... (31)

Any point on this line will be(lr + a,mr + g,nr + y). If the line (31)
meets the conicoid (29) in this point, then

a(lr + @)> +b(mr + B)> +c(nr+y)? =1

or r?(al?> + bm? + cn?) + 2r(aal + bfm + cyn) + aa® + bp? +
2 _ 14—

cy 1=0

.............. (32)

Let r; and r, be the roots of above quadratic equation. Then r;, = PA and
rz = PB

From (32) we have
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5 (aal + bfm + cyn)
(al? + bm? + cn?)

T1+T2=

(aa? + bB? + cy? —1)
(al? + bm? + cn?)

al’ld "nr, =

Hence on dividing, we get

ntr (aal + bpm + cyn)
nr,  (aa?+bB%+cy?—1)
1 1 aal + bfm + cyn
or —+—=-2 ( d ym) ....(33)
o (aa? +bp? +cy?—-1)

Let PR = r5. Then (30) becomes

Using (33), we have

2 (aal + bpm + cyn)
s (aa?+bB%+cy?—1)
or aa(lr;) + bp(mr3) + cy(nrs) + aa? + b2+ cy?—1=0

If (x',y',z") are the coordinates of point R, then from (31) we have
x'—a=lr;, y'— B =mr, z'—y=nr;
Hence (34) becomes
aa(x' —a) +bB(y' = B) + cy(z' —y) +aa? + bp? + cy*—1=0
or aax' + bBy' +cyz' =1
The locus of point R(x',y’,z") is
aax + by +cyz=1 ...... (35)

This represents the polar plane of the pole P (a, 8,y) with respect to the
conicoid (29).

You will notice that the tangent plane at any point (x;,y,,2;) to the
conicoid (29) is given as

ax.x +by,y +cziz=1

If this tangent plane passes through P (a, 8,v), then



ax,a + bx.ff +cx;y =1

Which shows that the point (x4, v, z;) lies on the polar plane (35) of the
pole P (a, B,y) with respect to the conicoid (29). That means the polar
plane of P (a, B,y) cuts the conicoid at points the tangent planes at which
pass through the point P (a, 8,y). In other words, the polar palne (35) of
P (a, B,v) cuts the conicoid (29) in a conic and the line joining P to any
point on this conic is a tangent line to the conicoid. The collection of all
such tangent lines forms a cone called the tangent cone from P (a, 8,y) to
the conicoid.

Note: If the point P (a, 8,y) lies on the conicoid (29), then the polar plane
of P becomes the tangent plane at P (a, 8,y).

Polar lines:

Suppose we are given two points A; (a4, B1,v1) and A,(ay, B, 7). The
polar plane of A;(ay,f:,y1) With respect to the conicoid ax? + by? +
cz?=11is

aa;x + bpiy +cyz=1
If the point A, (a,, B2,72) lies on this plane, then

aaia; + bBiBy +cy1y, =1

This equation shows that the point A; (a4, 81,71) lies on the polar plane of
A,(ay, B2, v2). Thus if the polar plane of any point A; with respect to a
conicoid passes through a point A,, then the polar plane of A, passes
through the point A4;.

Suppose B, is any point on the line of intersection of the polar planes of
A; and A,. Then B, lies on the polar planes of A, and A,. Hence the polar
plane of B; must pass through A; and A,, and therefore through the line
A;A,. Similarly the polar plane of any other point B, lying on the line of
intersection of the polar planes of A; and A, will pass through the line
A1A,. Thus we can say that the lines A;A, and B;B, are such that the
polar planes of all points on A;A, pass through B; B, and vice versa. The
lines A; A, and B;B, are called polar lines.

Let us verify it analytically. Suppose the equations of the line A;A, are
given as

....... (36)

Any point on this line will be P(lr + a, mr + ,nr + y). The polar plane
of P with respect to the conicoid ax? + by? + cz? = 1 is

a(lr+a)x+b(mr+pB)y+c(nr+y)z=1
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or (aax + by + cyz—1) + r(alx + bmy + cnz) =0

This plane passes through the line of intersection of the planes

aax + by +cyz—1=0 and alx + bmy + cnz =0

We call this line of intersection as the line B;B,. You observe that for
different values of r, the polar plane (37) always passes through the line
(38), i.e. the line B;B,. Hence the polar plane of every point on A;A,
passes through the line B, B, and vice versa. Thus the line A; A, given by
(36) and the line B, B, given by (38) are polar lines.

7.11 ILLUSTRATIVE EXAMPLES

Example 7.11.1 Find the pole of the plane 4x + 6y + 8z = 18 with
respect to the conicoid 2x? + 3y? + 8z = 1.

Solution: Let the pole of the plane
4x + 6y +8z=18 ..... (39)
with respect to the conicoid
2x%+3y2+8z2=1...... (40)

be (a, B,y). Now the polar plane of (a, 8,y) with respect to the conicoid
(40) is

2ax + 3y +8yz=1 ........ (41)

Equations (39) and (41) represent the same plane. Hence

4 6 8 18

20 38 8y 1

. 1 1 1 - - 11 1
le.a = ;,,8 =5V =1 Therefore the required pole is (E'S'E)'

Example 7.11.2 Find the conditions that the two given lines

x—a_y—B_z-y
I m  n

e (42)

x—a -3 z-
and =7 p = n’)/ .. (43)

be polar lines with respect to the conicoid



ax? +by?* +cz?=1 ......... (44)

Solution: The polar line of the line (42) with respect to the conicoid (44)
is the line of intersection of the planes

aax + by +cyz—1=0and alx + bmy + cnz =0

If the polar line of (42) is the line (43), then the line (43) must lie in the
planes given by (45). Therefore

aaa' + bpp +cyy' — 1= 0] 46)
aall + bﬁm, + C]/n' — O .............
ala’ + bmp" +cny’=0f (7)

all’ + bmm' + cnn' =0
Equations (46) and (47) give the required conditions.

Example 7.11.3 Find the locus of the pole of the tangent planes of the

conicoid ax? + by? + cz? = 1 with respect to the conicoid ax? + By? +
2

yzc = 1.

Solution: Let a tangent plane to the conicoid ax? + by? + cz? = 1 be
Ix+my+nz=p......... (48)
Then from the condition of tangency, we have

l2 m2 nZ

—+—+—=p? .....(49

Tttt = (49)
Let (x4,y1,2;) be the pole of the plane (48) with respect to the conicoid
ax? + By? + yz? = 1. Now the polar plane of (x;,y,,z;) with respect to
the conicoid ax? + By? + yz2 = 1is

axi1x + Py y+yziz=1 ........... (50)

The planes (49) and (50) are identical. Hence we have

l_m_n_p
ax, Py vz 1

Which gives = ax;p, m = By;p, n =yz;p . Therefore from (49) we
have

ax,;p)? 2 z1p)?
(axip) N (Byip) n (yz,p) _ pz
a b c
a’x,? ,32}’12 Y2z,

or + + =1 UGMM-102/257
a b c




The locus of the pole (x4, y1,2,) is

%2 2.2 2,2
or +'8 4 +)/ =1
b c

7.12 SUMMARY

In this unit, we have studied the following facts-

(1) A conicoid (or a quadric surface) in the three dimensional
rectangular Cartesian coordinate system is the set of points
(x,y,z) in three dimensional space satisfying a general second
degree equation in three variables.

F(x,y,z) = ax® + by? + cz? + 2fyz + 2gzx + 2hxy + 2ux +
2vy+2wz+d =0

(2) This general second degree equation represents a central conicoid
if

0

>

I
Q@ > Q
~ -
a N Q

(3) The centre (x,, ¥y, Zo) Of the central conicoid is the unique solution
of the following equations-

axg+hyy+gzop+u=20
hxq +byy+ fzg+v =20
gxo+ fyo+czg+w=0

(4) For a central conicoid, the general equation of second degree can
be reduced to the following standard form

/11x2 + /12}12 + /13Z2 + d, = O
Where 14, 1,, A5 are the roots of the discriminating cubic

a—A7A h g
h b—A f |=0
g f c— A1

andd’ = uxy, + vy, + wz, +d

(5) The standard equations for five types of central conicoids may be
given as follows-

1. ax? + by*+cz> =0 (Cone)

x?  y?  Z? . L
2. Sttt = -1 (Imaginary ellipsoid)
2 2 2
3.’;—2+%+i—2= 1 (Ellipsoid)
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(6)

(7)

(8)

4. X4 7 j (Hyperboloid of one sheet)

5 — z—z - % :—2 =1 (Hyperboloid of two sheets)
xZ yZ ZZ J
TetrTasl

The standard form representing ellipsoid, hyperboloid of one sheet,
hyperboloid of two sheets and imaginary ellipsoid may be given as

ax? + by? +cz? =1

This equation represents an ellipsoid if a, b, c are all positive, a
hyperboloid of one sheet if any one of them is negative and the
remaining two are positive. It represents a hyperboloid of two
sheets if any two of them are negative and the remaining one is
positive. This represents an imaginary ellipsoid if all the a, b, c are
negative.

We studied ellipsoid, hyperboloid of one sheet and hyperboloid of
two sheets in details.

The condition that the line given by

x—a_y-f _z-y
I  m  n

is a tangent to the central conicoid ax? + by? + cz? = 1 at (a,B,y) is

(9)

(10)

(11)

(12)

aal + bfm +cyn =20

The equation of the tangent plane to the conicoid ax? + by? +
cz?=1at(a,pB,y)isaax + by + cyz = 1.

The condition that the plane lx + my + nz = p is a tangent plane
to the conicoid ax? + by? + cz? = 1is

2 m? n?

4 —p2
a+b+c p

The equation of the polar plane of the pole (a, 8, y) with respect to
the conicoid ax? + by? + cz? = lisaax + by + cyz = 1.

The polar line of the line

x—a_y—B_z-y
I  m  n
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with respect to the conicoid ax? + by? + cz? =1 is the line of
intersection of the planes aax + by +cyz—1=20 and alx +
bmy + cnz = 0.

7.13

SELF ASSESSMENT QUESTIONS

(1)

Prove that the equation

3x2—y?—z2+6yz—6x+6y—22—2=0

represents a hyperboloid of one sheet. Also find its centre.  [Ans:

()

©)

(4)

()

(6)

(1,0,-1)]

Find the equation of the tangent plane to the conicoid 3x2 —
6y2 + 9z% + 17 = 0 parallel to the plane x + 4y — 2z = 0. [Ans:
3x 4+ 12y —6z+17=0]

Tangent planes are drawn to the conicoid ax? + by? + cz? =1
through (a, 8,y). Prove that perpendiculars to them from origin
generate the cone

2 2 2
—+y—+Z—=(ax+ﬁy+yz)2
a b

Find the polar plane of the point (2,—3,4) with respect to the
conicoid x% + 2y? + z2 = 4 [Ans: =3y + 2z = 2]

Prove that the surface generated by the straight lines drawn

through a fixed point (a, 8,y) at right angles to their polar with

respect to the conicoid ax? 4+ by? + cz2 = 1 is Zﬁ(i — %) =0

Find the polar of the line x7—1 === ? with respect to the
x+6 y—2 z-3
=5 =1

conicoid x% — 2y? + 3z% = 4. [Ans : = =5

7.14
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UNIT-8 CENTRAL CONICOIDS I

Structure
8.1 Introduction
8.2  Objectives
8.3  Enveloping cone
8.4  Enveloping cylinder
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8.6  Normals to a central conicoid
8.6.1 Normals from a given point
8.6.2 Cone through the six normals
8.6.3 Cubic curve through the feet of the normals
8.7  Illustrative examples
8.8  Diametral planes
8.9  Conjugate diameters
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8.9.2 Properties of conjugate diameters
8.9.3 Conjugate diameters of the hyperboloids
8.10 [llustrative examples
8.11 Section with a given centre
8.12 Illustrative examples
8.13 Summary
8.14 Self assessment questions

8.15 Further readings

8.1 INTRODUCTION

In unit-7 you have studied different central conicoids such as
ellipsoids, hyperboloids of one sheet and hyperboloids of two sheets.
These conicoids may be enveloped by certain cones and cylinders. For
example, if a fixed point is given, we can draw tangent lines to a central
conicoid from this point. These tangent lines will lie on a cone with this
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given point as vertex. This cone is an enveloping cone of the conicoid.
Similarly, if a line is given, then we can draw tangents to a conicoid
parallel to this given line. The locus of all these tangent lines is an
enveloping cylinder of the conicoid. In this unit, we shall obtain equations
of enveloping cone and enveloping cylinder of a given central conicoid.

Also in unit-7 you studied condition of tangency and obtained
equations of tangent planes to a central conicoid. A line through a point on
a conicoid perpendicular to the tangent plane at this point is called the
normal to the conicoid at that point. In this unit we shall obtain equations
of the normal at a given point on a central conicoid. You will see that we
can draw six normals to a central conicoid from a given point and the
curve passing through the feet of these normals is a cubic curve. We shall
obtain the equation of the cone on which these normals lie. In the next
section, we shall discuss diametral planes and conjugate diameters of a
conicoid which are helpful in exploring the geometry of ellipsoids and
hyperboloids. Lastly, you will see how to define a plane intersecting a
central conicoid in a conic with a given centre.

8.2 OBJECTIVES

After reading this unit, you should be able to

e  Obtain equations of enveloping cone and enveloping cylinder of a
central conicoid.

o Define normals to a central conicoid.
e  Obtain equation of the cone through the six normals.

. Show that six normals can be drawn to a central conicoid from a
given point and the curve through the feet of these normals is a
cubic curve.

o Define and discuss the diametral planes and conjugate diameters of
an ellipsoid and hyperboloid.

e  Obtain the equation of the plane containing section with a given
centre.

8.3 ENVELOPING CONE

The enveloping cone or tangent cone of a given surface is the
locus of the tangent lines drawn from a given point to the given surface.
The point from which the tangent lines are drawn is called the vertex of
the enveloping cone. Suppose we want to obtain the equation of the
enveloping cone of the central conicoid

ax? +by?* +cz?=1 ......... (1)

with the vertex at the point (a, 8, 7).



The equations of a straight line passing through the point (a,,y) are
given as

x—a_y—B_z-y
I  m  n

Then the coordinates of any point P on the straight line (2) are given
by (Ir + a, mr + B,nr + y). If the line (2) meets the central conicoid (1)
at point P, then

a(lr+ a)> +b(mr + B)?> +c(nr +y)? =1

or r?(al?> + bm? + cn?) + 2r(aal + bfm + cyn) + aa® + bp? +
2 _
cy—1=0

This is a quadratic equation in r. Hence we get two values of r
corresponding to which we have two points of intersection of the line (2)
and the central conicoid (1). If the line (2) is a tangent line to the conicoid
(1), then the points of intersection must coincide, i.e. the roots of the
quadratic equation (3) must be equal. It is possible if

{2(aal + bpm + cyn)}? = 4(al? + bm? + cn?)(aa? + bB? + cy? — 1)

or (aal + bpm + cyn)? = (al? + bm? + cn?)(aa® + bp? + cy? —
1) o (4)

The locus of the tangent line (2) is the required enveloping cone of the
conicoid (1). It is obtained by eliminating [, m,n from (2) and (4), i.e.

{aa(x —a) + By — B) + cy(z — y)}?
={al(x —a)?+b(y—B)? + c(z—y)*}aa? + bB? + cy? — 1)
or {(aax + bBy + cyz — 1) — (aa? + bB? + cy? — 1)}?

= {(ax? + by? + cz? — 1) — 2(aax + by + cyz— 1)
+ (aa? + bB? + cy? — DY aa? + b + cy? — 1)

S=ax?+by*+cz? -1
Let S'=aa’?+bp*+cy?—1 ... (5)
T =aax+bfy+cyz—1

Hence we have (T — S')2 = (§ — 2T + S")S’
or T2 4+ 8% —2TS' =8S' —2TS' + §'*

or SS' =T?
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or (ax? + by? + cz? — 1)(aa? + bB? + cy? — 1) = (aax + by +
cyz — 1)?

This is the required equation of the enveloping cone of the conicoid
ax?® + by? + cz? = 1.

8.4 THE ENVELOPING CYLINDER

The enveloping cylinder of a given surface is the locus of the tangent
lines to the surface drawn parallel to a given line. In other words, the
enveloping cylinder is the cylinder whose generators touch a given surface
and are directed in a given direction.

Let us obtain the equation of an enveloping cylinder of a central conicoid
ax®>+by*+cz?=1 ... (6)

Whose generators are parallel to the line

Let P(a, B,y) be any point on the enveloping cylinder of the conicoid (6).
Since the generators of the cylinder are parallel to the line (7), hence the
equations of the generator through P(a, 8, ) may be given as

x—a_y-f _z-y
I  m  n

(=7r) e (8)

Then the coordinates of any point on the generator are given by (Ir +
a, mr + ,nr + y). If the generator (8) meets the conicoid (6) at point this
point, then

allr + @)’ +b(mr+ B)* +c(nr +y)? =1

or r?(al? + bm? + cn?) + 2r(aal + bfm + cyn) + aa® + bB? +
2
cy*—1=0

If the generator (8) is a tangent to the conicoid (6), then the points of
intersection must coincide, i.e. the roots of above quadratic equation (9)
must be equal. It is possible if

{2(aal + bfm + cyn)}? = 4(al? + bm? + cn?)(aa® + bB? + cy? — 1)

or (aal + bfm + cyn)? = (al? + bm? + cn?)(aa? + bB? + cy? —
1) ... (10)



The locus of P(a, B,y), i.e. the equation of the enveloping cylinder of the
conicoid (6) is

(alx + bmy + cnz)? = (al? + bm? + cn?)(ax? + by? + cz? — 1)
....... (11)

8.5 ILLUSTRATIVE EXAMPLES

Example 8.5.1 Find the locus of the vertex of enveloping cone of the
conicoid ax? + by? + cz? = 1 which has three mutually perpendicular
generators.

Or

Find the locus of points from which three mutually perpendicular tangent
lines can be drawn to the conicoid ax? + by? + cz? =

Solution: Let P(a, B, y)be the point whose locus is required. The equation
of enveloping cone of the conicoid ax? + by? + cz? = 1 with vertex
P(a,B,v) is given by

(ax? + by? + cz? — 1)(aa?® + bB? + cy? — 1) = (aax + bPy + cyz —
1)2...(12)

If this enveloping cone has three mutually perpendicular generators, then
the sum of the coefficients of x2,y?and z2 in (12) should be equal to zero,
i.e.
(a+b+c)(aa®+bB* +cy? — 1) — (a®a® + b*p* + c*y?) =0
or (b+c)a?+(a+c)p?+(@a+b)y>?=a+b+c
The required locus of point P(a, B,v) is
(b+c)x*+(@a+c)y*?+(a+b)z?=a+b+c

Example 8.5.2 Find the locus of the luminous point which moves so that
the ellipsoid
xZ y2 ZZ

2 pta=!

casts a circular shadow on the plane z = 0.

Solution: Let P(a, 8,y)be the luminous point. We have to find the locus
of P such that the section of the enveloping cone of the given ellipsoid
with vertex at P by the plane z = 0 is a circle.

Proceeding as in article 8.3, we can obtain the equation of the enveloping
cone of the ellipsoid as
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(—+§—Z ®_ 1) ..(13)

The section of this enveloping cone by the plane z = 0 is
x* Y a> B v’ By .\
(?-I_ﬁ_ 1><?+b_2+c_2_ 1) = <_+ﬁ_ 1) ,Z
=0 ..(14)

This represents a conic in xy-plane. It is a circle if the coefficients of
x? and y? are equal, and the coefficient of xy is zero, i.e.

g @ 1fa By N\ B

and ——==0 .....(16)

Equation (16) gives aff = 0,i.e.a=0or 3 = 0.

When a = 0, equation (15) becomes

B? B? B?
<b2+ _1> b2<b2+__1>_ﬁ

g y* 1 y* 1

a’b?  a?c? a? b2c? b?

or Czﬁz + b2%y? — b2c? = q?y? — q%c?
or  c?p%+ (b? —a®)y? = (b%? — a®)c?
The required locus of P(a, B,y) is
or  c?y?+ (b?—a?)z? = (b? —a?)c?, x=0

When g = 0, equation (15) becomes

1 aZ VZ aZ 1 aZ ]/2
almtaz ) —m=n\gt=z"1
a’\a c a b?\a c

or c?a?+ (a® — b?)y? = (a® — b?)c?

The required locus of P(a, B,y) is



or  c¢*x?+ (a® — b?)z? = (a® — b?)c?, y=0

Example 8.5.3 Show that the enveloping cylinder of the conicoid
ax? + by? + cz? = 1 with generators perpendicular to the z-axis meets
the plane z = 0 in parabolas.

Solution: We know that the enveloping cylinder of the conicoid ax? +
y z

by? + cz? = 1, whose generators are parallel to the line %z ===1s
given by equation (11), i.e.
(alx + bmy + cnz)? = (al? + bm? + cn?)(ax? + by? + cz?2 — 1)

The direction cosines of z-axis are 0,0,1. Hence if the generators are
perpendicular to z-axis, we have

Ol+0m+1n=0
=n=0

Thus the direction ratios of the generators can be taken as [,m,0. The
equation of the enveloping cylinder becomes

(alx + bmy)? = (al? + bm?)(ax? + by? + cz*> — 1)
The section of this cylinder by the plane z = 0 is
(alx + bmy)? = (al? + bm?)(ax? + by? — 1), z=0
or ab(m?x? + ly — 2lmxy) — (al? + bm?) = 0, z=0
or ab(mx —ly)? = (al? + bm?), z=0

This equation represents a parabola in the plane z = 0.

8.6 NORMALS TO A CENTRAL CONICOID

You have studied tangent planes to a central conicoid in unit-7. A line
through a point P(a, 8, y) on a conicoid perpendicular to the tangent plane
at P is called the normal to the conicoid at P.

Let a given conicoid be ax? +by*+cz?=1 ......... (17)

The equation of the tangent plane at P(x',y’,z") to the conicoid (17) is
given

ax'x +by'y+cz'z=1 .......... (18)

Hence the direction cosines of the normal to this plane through the point
P(x',y’,z") are proportional to ax’, by’,cz’. Therefore the equations of
the normal to the conicoid (17) at P may be given as

x—x'" y—-y z-2
= = e 19
! byl ! ( )

ax CzZ
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8.6.1 NORMALSFROM A GIVEN POINT

Suppose we are given a point A(a, 8,y). If the normal to the conicoid at
P(x',y’,z") passes through A(a, 8, y), then from (19)

!

a-x _f-y _y-z

o by’ e A(say) ... (20)
Therefore
I __ a I __ ﬂ I o__ ]/
Y Erva Y Tyt T1va @D

For a given point A(a, S,7), equations (21) give points (x',y’,z") on the
conicoid the normal through which passes through A(ea,pB,y). Since
(x',y',z") lies on the conicoid (17), hence we have

ax'> +by”? +cz'* =1

2 B 2 2
or a(1+aa,1) +b(1+b,1> +C(1Ic,1) =1

aa? bp* cy?

or Atal)? A+ T a+ven?

1.....(22)

This is a sixth degree equation in A. It has six roots, i.e. six values of A,
corresponding to each of which there is a point on the conicoid determined
by (21) such that the normals at these six points pass through the given
point A(a, B,y). Hence there are six points on the conicoid (17), the
normal at which pass through a given fixed point, i.e. six normals can
be drawn to a central conicoid from a given point.

8.6.2 CONE THROUGH THE SIX NORMALS

Now we shall show that all the six normals drawn from a fixed point
(a, B,y) to the conicoid (17) lie on a cone of second degree.

Let [, m, n be the direction cosines of the normal at P(x',y’,z") given by
(19). Then

m _n
r by’ - cz' =p (Say)
or [ =pax',m = pby',n = pcz’

pac _ PbB _ poy
1+ad’ 1+b2" 1+cA




which gives

aa b c
14an=P" 1 epa =P P
l m n

Multiplying above equations by (b —¢),(c —a) and (a — b), and then
adding we have
b
P o)+ 2L~ ) + P (0 - 1)
[ m n
=14+at)y(b—c)+ (A +bA)(c—a)+
1+ cA)(a—-b)
aa b cy _
or T(b - ) +E(C_ a) +7(a—b) =0 .....(23)

Now the equations of the normal through the point (a, 8,y) are

x—a_y-f_z-y

; — i e (24)
Eliminating [, m, n from (23) and (24), we have
of ——(b—c)+——(c—a) +——(a—b) =0
X—a y—_ zZ—y

This is the equation of the quadratic cone upon which the six normals
from a given point (a, B, y) to the conicoid (17) lie.

8.6.3 CuUBIC CURVE THROUGH THE FEET OF THE
NORMALS

So you have seen that six normals can be drawn to a central conicoid from
a given point (a, 8,v). These normals intersect the conicoid in six points
which are given by (21). We shall show that these six points lie on a cubic
curve.

Equations (20) can be written as
(a —=x)by" = (B —y"ax’
(B—y)ez' =y —z")by'
(y—2z")ax' = (a —x")cz’
Hence the six points lie on the cylinders given by
(a —x)by = (B —y)ax

(B —y)ez=(y — 2" )by UGMM-102/269
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(y —2)ax = (a — x)cz

These cylinders intersect on a common curve on which the six points of
intersection of the normals and the conicoid lie. Let the plane intersecting
this curve be

Ax+By+Cz+D =0
Since the points (x’, y’,z") lie on this plane, hence
Ax"+By' +Cz'+D =0

Aa+B,8+C)/
T TaA " 1+b2 1+ch

+D =0 using (21)

This is a cubic equation in A having three roots. Hence the curve through
the feet of the normals intersects the plane in three points, i.e. the curve is
a cubic curve.

8.7 ILLUSTRATIVE EXAMPLES

Example 8.7.1 If the normal at a point P to the ellipsoid

x2 y2 ZZ
St =1 e (25)

meets the principal planes in Gy, G,, G5, show that PG;:PG,:PGs =
a?:b?:c? and if

PG,* + PG,* + PG3* = k? then find the locus of P.

Solution: Let P be the point (x', y’, z"). The equation of the tangent plane
at P(x',y’',z") tthe ellipsoid is

xx' yy' zz'
2t te=l

Hence the direction cosines of the normal to the ellipsoid at P(x’,y’,z")
are proportional to x'/a?,y’/b?,z' /c?. Let the actual direction cosines
of the normal at P(x',y’,z') be px'/a?,py’/b?,pz'/c?. Then

px"\*>  (py'\*  (pz'\’
(7) *(Tz) +(C—2) -1
Ny N N 2
1 (x y z 26
or p—z— E + ﬁ + C_z ...... ( )

Now the equations of the normal to the ellipsoid (25) at P may be given as



x—x' _y-y z-7
px' /a2 _ py' /b2 pz'/c? =r(say) ....(27)

If the normal (27) meets the plane x = 0 in G, then

0-x" y—-y' z-7
px'/a® py'/b? pz'/c?

=PGl

a2
or PG:L:__
p

Similarly if the normal (27) meets the plane y = 0 and z = 0 in points G,
and G5 respectively, then

2 2

PG, = bPG— ¢
2 p)3 p

Therefore PG,: PG,: PG; = a?: b%: c?.

Now given that PG,% + PG,* + PG5> = k2.

a?\’ b2\ c?\?
=(-——) +(-—) +[{-=]) =k
p p p

1
p?  a*+b*+ct

Using (26), we have

/ 2 / 2 / 2 2
N LYY (Y
<a2> (b2> <cz> T at + bt + ¢t

[2 + y,z + Z[Z kz
oo —+—+F—=———
a*  b*  ¢* a*+b*+c*

Hence the locus of point P(x’,y’, z") is

xZ y2 ZZ k2
o —t—ot—=—
a* b* c¢* a*+ b+t

Example 8.7.2 Prove that the feet of the six normals drawn to the ellipsoid

xz y2 ZZ
Stiat =1 e (28)

from any point (a, B8,y) lie on the curve of intersection of the ellipsoid
and the cone
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a’?(b? — c®a b?*(c?—a®)B c%(a® - by
+ + =
x y z

0

Solution: Let (x',y’,z") be any point on the ellipsoid (28). Then the
equations of the normal at (x',y’,z") to the ellipsoid are given by (27).
Which gives

x—x' y-y z-2
x'/a? - y’/bz - z'/c?

e (29)

If this normal passes through the given point («, 8,v), then

a—x' _p-y _y-7
x'/a?  y'/b?2  z'/c?

= A (say)

Hence we have

a’a b?p cty

! !

YT iaY Tyt Tt

This gives the coordinates of the six feet of the normals drawn from the
given point (a, B,v). We can write these equations as

Multiplying these equations by (b? — c¢?), (¢? — a?) and (a? — b?) and
then adding we have

A(b?% — ¢?) + A(c? — a?) + 1(a® — b?)

= (az_,a — a2> (b* —c*) + (i — b2> (c2—a*)+ <c2_,y — c2> (a?
x y z
— bZ)

Or (az_’a - a2> (b? — c?) + <bz—,ﬁ - b2> (c? —a?
ve y
+(¥—c2>(a2 —-b*) =0
z

Simplifying the equation, we have

a?(b? — cHa N b?(c? — a®)B N c*(a®> = b%)y _

! ! 0
x y

!

Z

Locus of (x',y',z") is



a’?(b? — c®a b?*(c?—a®)B c%(a® - by
+ + =
x y z

0

This equation is a homogeneoussecond degree equation and hence
represents a cone. Therefore the six feet of normals drawn from (a, 8,v)
lie on the curve of intersection of the ellipsoid and this cone .

Example 8.7.3 Prove that the lines drawn from the origin parallel to the
normal to the conicoid ax? +by*+cz?=1 ... (31)

at points lying on its curve of intersection with the plane
Ix+my+nz=p ... (32)
generates the cone
x? y? z? Ix my nz\’
Hl—+—+—)= <—+—+—>
p ( a b c ) a b c

Solution: Let P(x',y’,z") be any point on the conicoid (31). Then the
equations of the normal to the conicoid at P may be given as

x—x'" y—-y z-2
= = e 33
! byl ! ( )

ax CzZ

Hence the equations of the line passing through the origin and parallel to
the normal (33) may be given as

x_y_z 34
prril st B (34)

Since the point P(x’,y’, z") lies on(31) and (32), hence
ax'? + by'? + cz'* =1, Ix' +my' +nz' =p

We can make the first equation homogeneous with the help of second
equation, i.e.

Ix' +my' + nz’>2
p

ax'> + by'* + cz'* = <

or p b c

C((ax) by (ez))’
—{l 7 +m b +n p } ....(35)

2 {(az’)z N (by')? N (CZ’)Z}

The locus of line (34) is obtained by eliminating ax’, by’,cz’ from (34)
and (35), i.e.
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x? y? z? Ix my nz\’
(X Y AN _ (X Yy ez
p<a+b+c> <a+b+c>

Which is the equation of the required cone.

8.8 DIAMETRAL PLANES

Any chord through the centre of a conicoid is called a diameter of the
conicoid. A plane which bisects a system of parallel chords is called a
diametral plane of a conicoid. In other words, a diametral plane is the
locus of middle points of a system of parallel chords drawn parallel to a
given line or diameter. If a diametral plane bisects a system of chords
parallel to a given line, we say that the diametral plane is conjugate to that
line. Diametral planes which are perpendicular to the chords bisected by
them are called principal planes. The lines of intersection of principal
planes are called principal axis. Let us find the equation of a diametral
plane of a central conicoid

ax? +by*+cz*=1 ... (36)

Let a fixed line be given as

X y z
== e (37)

The equations of a chord drawn parallel to (37) with mid-point («, 8,v)
may be given as

x—a_y-f _z-y
I  m  n

(=7r) .......(38

Any point on this chord will be (Ir + a, mr + B, nr + y). If the chord (38)
meets the conicoid (36) at point this point, then

a(lr+ )’ +b(mr+ B)* +c(nr +y)? =1

or r%(al? + bm? + cn?) + 2r(aal + bfm + cyn) + aa® + bB? +
2
cy*—1=0

Since (a, B, y)is the mid-point of the chord (38), the two values of r given

by above quadratic equation must be equal in magnitude but opposite in
sign, i.e.

or 7”1+T'2=0



or aal + bfm+cyn=0 ........ (39)

If ,m,n are given, then (38) represents system of parallel chords. The
locus of middle point (a, B,y) is

alx + bmy+cnz=0 .......... (40)
This is the diametral plane conjugate to the line with dc’s [, m, n.

For example, suppose we want to obtain the diametral plane of the
conicoid ax? + by? + cz? = 1 conjugate to z-axis, i.e. diametral plane
bisecting the chords parallel to z-axis.

The equations of z-axis are
X
0

Here [ =0,m =0,n = 1. Hence from (40) the equation of diametral
plane is

z=0, i.e. xy-plane

Similarly, it can be shown that the diametral planes bisecting chords
parallel to x-axis and y-axis are yz-plane and xz-plane respectively. Also
the coordinate planes are such that they bisect chords perpendicular to
them. Hence the coordinate planes are principal planes and the coordinate
axes are principal axes.

8.9 CONJUGATE DIAMETERS

You have seen that the coordinate planes are such diametral planes
of the central conicoid ax? + by? + cz* =1 that each bisects chords
parallel to the line of intersection of the other two planes. Such planes are
called conjugate diametral planes. Hence any three diametral planes which
are such that each is the diametral plane of the line of intersection of the
other two are called conjugate diametral planes.

Also you have seen that the coordinate axes are such that planes
through any two bisect chords parallel to the third axis. Such lines are
called conjugate diameters. Hence the three lines which are such that the
plane containing any two is the diametral plane of the third are called
conjugate diameters.

8.9.1 CONJUGATE DIAMETERS OF AN ELLIPSOID

Now we shall discuss the conjugate diameters of an ellipsoid given by the
equation
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2 ZZ
t5=1 e (4D)

x2

y
=+

b?
Let P(xq,y1,21) be any point on the ellipsoid (41). Then the direction
cosines of the line OP are proportional to x; —0,y; —0,z; — 0, i.e.
X1, V1, Z1- Hence by (40), the diametral plane of OP is

XX1 YY1 274

?-}-?-}‘C_ZZO ........(42)

If Q(x,,y,,2,) lies on the diametral plane (42) of OP, then

X2X1 | VoV1 | Z2Zy
a? b2 c?

0 weee.. (43)

The symmetry of above equation indicates that if Q lies on the diametral
plane of OP, then P lies on the diametral plane of 0Q.

Let the diametral planes of OP and OQ intersect in diameter OR where
R(x3,v3,23) Is one of the two points where the line of intersection of
diametral planes of OP and 0Q meets the ellipsoid.

Now the diametral plane of OR is

XX3 YY3  ZZ3

?-I_F-I_C_Z: 0 ......(49)
Since R(x3,y3,23) lies on the diametral planes of OP and 0Q, hence P
and Q must lie on the diametral plane of OR, i.e.

X3X1  Y3YV1 | Z3Z1
a? b? c?

X2X3  YV2V3  ZzZ3
a? b? c?

0 .. (45)

and

0 .......(46)

Thus the planes POQ,QOR,ROP are conjugate diametral planes and
OR, OP, 0Q are the corresponding conjugate semi-diameters.




Now the points P, Q, R lie on the ellipsoid (41), hence

2 2 2 2 2
X1 V1 41 X2 V2 X
St ot =ttt =1, T —
a2  b%? ¢ a? b2 c? a
=1 ......(47)

Equations (44), (45), (46) and (47) indicate that the lines with direction
cosines

X1 Y1 21 Xz Y2 Zp X3 Y3 Z3

)

are mutually perpendicular. Hence we have

X2+ x2+x32=a

2+ y,% +y3% = b? (48)
V12 + V% + v3
712 + 2,% + z3°

Il
a

X1y1 + X2¥2 + x3y3 = 0
V1Z1 + Y222 + y323 =0 e e (49)
lel + szz + 23X3 = O

Now we shall discuss the properties of these conjugate diameters.

8.9.2 PROPERTIES OF CONJUGATE DIAMETERS

PROPERTY | The sum of squares of any three conjugate semidiameters
of an ellipsoid is constant.

We have
OP? + 0Q% + OR?
= (X2 + 712+ 218 + (02 + y,2 + 2,%)
+ (3% 4 y3* + 23%)

= (X2 +x2 +x32) + 2+ vt P +
(z1° + 2% + 23°)

=a’ + b? + ¢?, using (48)
= constant

PROPERTY Il The sum of squares of the projections of three conjugate
semi-diameters on any line is constant

Suppose we are given a line with direction cosines [,m,n. Then the
projection of the semi-diameter OP on this line

Li=1l(x; —0)+m(y; —0) +n(z; — 0)

= lx; + my; + nz;
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Similarly, the projections of the semi-diameters OP and 0Q on this line
will be

L, = lx, + my, + nz,, Lz = lx3 + myz + nz3
Now L,% + L,* + L3? = (Ix; + my; +nzy)? + (Ix, + my, + nz,)?

+(lx; + my; +
nz;)?

= 12(x1% + 02 + x32) + mP(y1 2 + 922 + y32) + 1P (212 + 2,° + 237)

+2im(x1y;1 + %2, + x3y3) + 2mn(y 21 + y,2; + y323) + 2In(z1x4
+ Z,x5 + Z3X3)

= [?2a® + m?b%? + n?c*  using (48)and (49)
= constant
Similarly we can prove the following property-

PROPERTY Il The sum of squares of the projections of three conjugate
semi-diameters on any plane is constant.

PROPERTY IV The volume of the parallelopiped formed by three
conjugate semi-diameters of an ellipsoid as coterminous edges is constant.

The volume of the parallelopiped having OP,0Q,0OR as coterminous
edges

V = 6 x volume of the tetrahedron (0, PQR)

0O 0 0 1
1|x z; 1
—6x M Y1 Zy
6[x2 Y2 zp 1
X3 Y3 zz3 1
X1 V1 74
=|X2 Y2 2
X3 Y3 Z3
X1 V1 73 X1 V1 Zq
Hence V2 = |X2 Y2 Zz| X |[X2 Y2 2
X3 Y3 Z3 X3 Y3 Z3

X1 X2 X3 X1 X2 X3
=1Y1 Y2 Y3|X|[Y1 Y2 V3
Zy Zy Z3 Zy Zy Z3




Zx12 XX1Y1 LX1Zg
= XXy Z}’lz X V171
X X1Z1 X7 2212

a> 0 0
=0 b* O
0 0 c?

or V? =a?b?c? orV = abc = constant

PROPERTY V The sum of the squares of the areas of the faces
POQ,QOR,ROP of the parallelopiped formed by three conjugate semi-
diameters as coterminous edges is constant.

Let the areas of the faces QOR, ROP,POQ be A;, A,, Asrespectively. Let
l;, my,ny; 1, m,, n, and I3, m3, ng be the direction cosines of the normals
to the planes QOR, ROP, POQ respectively. Then the projection of the area
A;ontheplanex =0 1is

1
Ay = 5(3’223 — V3Z2) e (50)
Now solving equations (43), (45) and (46), we have

X ~ X3 — Z3X XY3 — X
-y 00z myez) i aXs —m¥) 2| (ays — 43y))

bc b ca "¢ ab

X2 — 4 (V321 — y123)

and so on.
a bc

Hence (50) becomes

Similarly

cay, abz,
Aymy = i_Zb yAng =% o

Squaring and adding, we have

1 /bex\> 1 ,cayn2 1 /abz;\°
At eme +n?) =3 (57) 43 (50) 5 ()

1[/bex;\*>  scayn2  (abzy\*
or 4° =Zl( 2a1) +( 2b1) +( 201) l """" (1)

Similarly for the areas ROP and POQ, we have
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2-

a2 =g [0 + () + (52)] o

2a 2b 2c

2-

1[(bcxs\* | rcays\? | (abz
2 _ 3 3 3
4 _4<2a> +(2b) +<2C>_ ........ (53)

Adding (51), (52) and (53)

1[b?c? c’a a’b?
A12+A22+A32 :Zl a2 lez-l' b2 zy12+ c2 zzlzl

Using (48), we get

A12 +A22 +A32 = Z

1 [bzc2 c?a? a’b?

[b%c? + c?a? + a?b?] = constant

AN

or Alz + Azz +A32 =

8.9.3 CONJUGATE DIAMETERS OF THE

HYPERBOLOIDS

Now we shall obtain relations for the conjugate semi-diameters of a
hyperboloid of one sheet

x2 y2 Z2

F+b_2_c_2 =1 ......(59)
Let P(x1,¥1,21),Q(x5,¥2,23) and R(xs3,y3,235) be the extremities of the
conjugate semi-diameters of the hyperboloid (54). Then we have

X1X2  V1Y2 2123

o b2 2 =0 ......(55)
X2X3  Y2¥V3  ZZ3

Py bz 2 =0 ......(56)
X3X1  YV3Y1 Z3Zq

Py bz T 2 =0 ......(57)

and

x12 +x22 _x32 a
V12 +y.2 =yt =b?| ... (58)
Z12 + 222 —_ Z32 =C

Now the points P, Q, R lie on the hyperboloid (54), hence



2 2 2 2 2 2 2 2 2
1N A X (Ve Z2 X3 Vs Z3
a2 bz 2 "a? b2 2 "az b2 2

=1 ......(59)

Hence we have

0P2 + 0Q2 — OR?
= (X2 + 712 + 218 + (02 + y,2 + 2,%)
- (x32 + Y32 + Z32)

= (X2 + 52 —x32) + 2+t — P +
(21 + 2% — 237)

=a’ + b? + ¢?, using (58)
= constant

Let the areas of the faces QOR, ROP, POQ be A4, A,, Asrespectively. Then
proceeding as in case of ellipsoid using relations (55), (56), (57), (58) and
(59) we can show that

1
A2+ A2 — A% = 1 [b2c? + c?a? — a?b?]
2 2 2
Similarly for the hyperboloid of two sheets > — > — = = 1, we have

1
A2 — A5 — A% = Z[bzc2 —c%a? — a%b?]

8.10 ILLUSTRATIVE EXAMPLES

Example 8.10.1 Find the equation to the plane through the extremities
P(x1,v1,21),Q(x5,¥2,2,) and R(x3, y3, z3) of three conjugate semi-
diameters of an ellipsoid

xZ y2 ZZ

?+_+C_2 =1 ......(60)

Solution: Let the equation of the plane PQR be
Ix+my+nz=p .......... (61)

Since P(xq,¥1,21), Q(x2,v,,2Z5) and R(xs, y3, z3) lies on (61), hence

Ix;,+my, +nz;=p ...... (62)
Ix,+my,+nz, =p ... (63)
Ixs+my;+nzz=p ........ (64)
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Multiplying (62), (63) and (64) by x,,x, and x5 respectively and adding
we have

L% + x5 + x32) + m(xyyq + X3V, + x3V3) + n(zyx1 + 2%, + 23x3)
=p(x + x5 + x3)
Using (48) and (49), we have
la? = p(x; + x5 + x3)

_ plg + x5 +x3)
= —

or 1

mzP()ﬁ‘*‘)’z +y3) and l:P(Z1+Zz+Z3)

Similarly % =

Putting these values in (61), we get the required equation of the plane
PQR as

X1+ X3 + X3 Vi + Y, +y3 Z1+ 2z, + z3
() o () ()

Example 8.10.2 Find the locus of the equal conjugate diameters of the

2

2 2
ammm%+%+%=1

Solution Let P(xy,y1,21),Q(x2,v5,23) and R(x3,v5,23) be the
extremities of the conjugate semi-diameters of the ellipsoid such that
OP=0Q=0R=r

Now we know that ~ OP? + 0Q? + OR? = a? + b? + ¢?

= 3r? = a®+ b+ ¢?
1
= r? =§(a2+b2+c2) .. (65)

Let the direction cosines of OP be 1, m,n. Then the equations of the line
OP are

y z
=—=— ....(66
= (66)

and x; = lr,y; = mr,z; = nr.
Since P lies on the given ellipsoid, hence

2 2 2
X7 V1T Zy 1

a? b2 c?



N? (mr)? (nr)?
() +( ) +( ) =12+m?+n? asl>?+m?>+n?=1

a? b2 c?
I? m? n?
or r2<g+ﬁ+c—2>=lz+m2+n2
Using (65) we get
1 I? m? n?
_ 2 2
§(a2+b2+c2)<g+ﬁ+c—z>—lz+m +n

(l2 m? n2> (12 + m? + n?)
or — =

2 b_2+C_2 = @ +b 1) .. (67)
The locus of the line OP is obtained by eliminating [, m,n from (66) and

(67), i.e.

x2 2 g2 x% 4+ y?% + 72
a?  b% 2 (a? 4+ b2 + ¢?)

52 y2 42
or E(Za2 —b% —c?) +ﬁ(2b2 —c? —a?) +C—2(Zc2 —a? —b?)
=0

Which represents a cone.

8.11 SECTION WITH A GIVEN CENTRE

Suppose (a, B,v) be given as middle point of a chord of the conicoid
ax? + by*+cz*=1 ... (68)

We can find the equation of the plane which intersects the conicoid in a
conic with centre as (a, 8,y). This plane will be the locus of all chords of
(68) with (a, B,v) as middle point.

The equations of a chord with (a, 8, y) as mid-point may be given as

x—a_y—B_z-y
I  m  n

Any point on this chord will be (Ir + a, mr + B, nr + y). If the chord (69)
meets the conicoid (68) at point this point, then

allr+ &)’ +b(mr+ B)* +c(nr +y)? =1

or r?(al? + bm? + cn?) + 2r(aal + bfm + cyn) + aa® + bB? +
2 _
cy“—1=0
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Since (a, B, y)is the mid-point of the chord (69), the two values of r given
by above quadratic equation must be equal in magnitude but opposite in
sign, i.e.

Tl = _rz
or Tl + rz S O
or aal + bfm+cyn=0 ........ (70)

Fig-7

Fig-7

The locus of chord with a middle point (a, 8, y) is obtained by eliminating
[,m,n from (69) and (70), i.e.

aa(x —a) +bB(y—B) +cy(z—y) =0
or aax + by + cyz = aa® + bp* + cy? .....(71)

Using the notations S; = aa? + bB? + cy?> — 1,T = aax + bBy + cyz —
1, the equation of the plane containing the section with centre (a, 8,y)
may be given as

S;=T

8.12 ILLUSTRATIVE EXAMPLES

Example 8.12.1 Find the equation of the plane which cuts the conicoid
2x% — 3y? + 5z% = 1 in a conic whose centre is at the point (2,1,3).

Solution The required equation of plane is given by

aax + by + cyz = aa® + bp* + cy? ....... (72)
Herea =2, =1,y=3anda=2,b=-3,c=5.
Hence (72) gives

2(2)x+ (-3)(Dy+5@B3)z=2(4)-3(1)+509)



or 4x — 3y + 15z =50

Example 8.12.2 Prove that the centres of sections of ax? + by? + cz? =
1 by the planes which are at a constant distance p from the origin lie on
the surface

(ax? + by? + cz%)? = p?(a®x* + b%y? + c?z?%)

Solution: The equation of the plane containing the section with centre
(a, B,y) is given as aax + bpy + cyz = aa® + bf? + cy?

or -aax —bPy — cyz + (aa? + bp* + cy?) =0
The length of the perpendicular drawn from the origin to this palne

aa? + bB? + cy?
p =
\/azaz + bZﬁZ + Czyz

or (aa? + bB?* + cy?)? = p%(a®a? + b*B? + c*y?)
Therfore the locus of the centre (a, 8,y) is

(ax?® + by? + cz?)? = p?(a®x? + b%y? + c?z?%)

Example 8.12.3 Find the locus of the centres of sections of ax? + by? +
cz? = 1 which touch the conicoid ax? + By +yz? =1

Solution Let the centre of one such section of the conicoid ax? + by? +
cz? =1 be (x;,y1,2z,). Then the equation of the plane containing the
section is given as

axx; + byy, + czz; = ax;? + by, + cz,?
If the plane (73) touches the conicoid ax? + By? + yz? = 1, then from

the condition of tangency [see egn 22, Unit-7] we have

(ax,)? n (by1)? n (cz,)?
a B

The required locus of (x4, y4,2;) is

= (ax,? + by % + cz,%)?

2 2,2

x? b%y? %z
+ 224 = (ax® + by? + cz?)?
a B Y

a
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8.13

SUMMARY

In this unit, we have studied the following facts-

1)

(2)

3)

4)

()

(6)

(7)

(8)

(9)

(10)

The equation of the enveloping cone with vertex (a,,y) of the
conicoid ax? + by? + cz? =1is (ax? + by? + cz? — 1)(aa? +
bB? + cy? — 1) = (aax + bBy + cyz — 1)?

The equation of an enveloping cylinder of a central conicoid
ax? + by? + cz?> =1 whose generators are parallel to the line
*X_ Y _Z;

T=m 2

(alx + bmy + cnz)? = (al? + bm? + cn?)(ax? + by? + cz? —
1)
The equations of the normal to the conicoid ax? + by? + cz? = 1
at P(x',y’,z") may be given as

x—x'" y—-y z-27

! by
Six normals can be drawn to a central conicoid from a given point.

These six normals lie on a cone. These normals intersect the
conicoid in six points which lie on a cubic curve.

! !

ax czZ

A plane which bisects a system of parallel chords is called a
diametral plane of a conicoid. If a diametral plane bisects a system
of chords parallel to a given line, we say that the diametral plane is
conjugate to that line.

The equation of a diametral plane of a central conicoid ax? +
by? + cz? = 1 conjugate to the line with dc’s [, m, n is given by

alx + bmy +cnz =0

The planes which are such that each bisects chords parallel to the
line of intersection of the other two planes are called conjugate
diametral planes. Any three diametral planes which are such that
each is the diametral plane of the line of intersection of the other
two are called conjugate diametral planes.

The three lines which are such that the plane containing any two is
the diametral plane of the third are called conjugate diameters.

The sum of squares of any three conjugate semidiameters of an
ellipsoid is constant.

OP? + 0Q% + OR? = a? + b? + ¢? = constant

The sum of squares of the projections of three conjugate semi-
diameters on any line is constant.



(11)

(12)

(13)

(14)

The sum of squares of the projections of three conjugate semi-
diameters on any plane is constant.

The volume of the parallelopiped formed by three conjugate semi-
diameters of an ellipsoid as coterminous edges is constant.

The sum of the squares of the areas of the faces POQ, QOR, ROP
of the parallelopiped formed by three conjugate semi-diameters as
coterminous edges is constant.

1
A2+ A+ A% = 7 [b%c? + c?a? + a?b?] = constant

The locus of the chords with a given middle point (a,,v), i.e.
The equation of the plane containing the section with centre
(a, B,y) of the conicoid ax? + by? + cz? = 1 is given as

aax + by + cyz = aa® + bp?* + cy?

8.14

SELF ASSESSMENT QUESTIONS

1)

)

(3)

(4)

()

Find the locus of the vertices of enveloping cones of the ellipsoid
2 2 2

z—2+%+i—2 =1, if sections of cones by the plane z=0 are

circles.

Find the equation to the cylinder whose generators are parallel to

.. x y z . x?  y?
the line =====and which envelopes the surface =+ = +
l m n a? = b2

72

Z =1,

c?

xl ym zn\°
[Ans. ( +F+_>

12 m2 n2\ /x2 yz 72 2
+b_2+_ ?-I_ﬁ-l_c_z_l ]

Prove that the enveloping cylinder of the eII|p30|d — + + — =

y

1, whose generators are parallel to the line ST T

the plane z = 0 in a circle.

= meets
c

Prove that the greatest value of the shortest distance between the
2 2 2
x-axis and a normal to the ellipsoid = + = +Z = 1is b —c.
a b c

Prove that the locus of the foot of the perpendicular from the
centre to the plane through the extremities of three conjugate

diameters of an elllpsmd = + + —==1is

Zx% + b%y? + c?z% = 3(x* + y?% + z%)?
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(6)

(7)

Prove that the locus of middle points of chords of x2 + by? +
cz? = 1, which are parallel to x = 0 and touch x? + y? + z2 =
r2 lie on the surface

by?(bx? + by? + cz? — br?) + cz?(cx? + by? + cz? — br?)
=0

2 2 2
Prove that the section of the ellipsoid = +2 += = 1 whose
a bz = 2

centre is at the point (a/3,b/3,c/3) passes through the
extremities of the axes.

(8) Find the centre of the conic
£+£+é= 1,2x+2y—z=3 [Ans. <z,£,_—3>
9 16 4 5271326
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